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Abstract: Air pockets in water distribution networks can cause various operational issues,
as their expansion during drainage operations leads to sub-atmospheric conditions that
may result in pipeline collapse depending on soil conditions and pipe stiffness. This study
presents an analytical solution for calculating air pocket pressure, water column length, and
water velocity during drainage operations in a pipeline with an entrapped air pocket and a
closed upstream end. The existing system of three differential equations is reduced to two
first-order nonlinear differential equations, enabling a rigorous analysis of the existence
and uniqueness of solutions. The system is then further reduced to a single second-
order nonlinear ordinary differential equation (ODE), providing an intuitive framework
for examining the physical behaviour of the hydraulic and thermodynamic variables.
Furthermore, through a change of variables, the second-order ODE is transformed into a
first-order linear ODE, facilitating the derivation of an analytical solution. The analytical
solution is validated by comparing it with a numerical solution. Additionally, a practical
application demonstrates the effectiveness of the developed tool in predicting the extreme
pressure values in the air pocket during the water drainage process in a pipe, within a
controlled environment.

Keywords: nonlinear differential equations; pipeline drainage; pressure oscillations

1. Introduction

Entrapped air during transient events in water distribution systems poses significant
operational and structural challenges [1]. Water columns compress air pockets during filling
operations, rapidly increasing internal pressure. If this pressure exceeds the pipeline’s
design capacity [2—4], it can result in pipe rupture. Conversely, during emptying processes,
the expansion of entrapped air pockets induces a pressure drop accompanied by oscillations,
which may lead to structural collapse depending on the pipe’s stiffness and installation
conditions [5-7]. These scenarios highlight the importance of understanding air-water
interactions during transient events in pressurised systems.

Effective mitigation strategies involve properly designing and sizing the pipeline
system and implementing operational protocols to ensure the controlled admission and
expulsion of air through air valves [8]. In many situations, such as when air valves are
absent, inadequately maintained, or rendered inoperative—for instance, due to flooding of
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the valve chamber—air cannot be adequately managed within the hydraulic installation.
This may lead to hazardous pressure transients, including extreme pressure surges or
undesirable sub-atmospheric conditions, posing a significant risk to system integrity. This
latter situation represents one of the most critical scenarios water utilities may face during
routine operations [5].

The modelling of air-water interactions during pipeline emptying is inherently
complex due to the nonlinear and transient nature of the governing equations [5,9].
Reference [5] addressed this problem by developing a model to describe the behaviour of
an emptying process with an entrapped air pocket. This model is formulated as a system
of three equations—two ordinary differential equations (ODEs) coupled with one alge-
braic equation—characterising the coupled dynamics of air and water. The first equation
is derived from the rigid water column model, representing the dynamics of the water
phase. The second is based on the polytropic law governing the air phase, while the third
describes the conditions at the air-water interface. The model has been validated through
experimental measurements conducted by References [5,10,11] in several European labo-
ratories across different universities and research institutes. The results confirm that the
three-equation system provides an adequate physical representation of the phenomena
involved. The system was solved numerically using appropriate computational methods
in all these studies.

The problem related to emptying processes has been explored by relatively few re-
searchers worldwide. Initially, a semi-empirical approach for computing the emptying
process in water pipelines was proposed by Tijsseling et al. [10]. Subsequently, the authors
developed a mathematical model based on physical principles [5], which has been solved
numerically. Water utilities increasingly focus on creating digital twin models [12,13] to sup-
port decision-makers in managing emptying operations within water distribution networks.
In this context, developing alternative approaches to the numerical solution of complex
differential equations may contribute to achieving the Sustainable Development Goals
(SDGs) [14]. A detailed analysis of the emptying process can support the advancement
of digital twins [13,15]. This concept integrates modelling, the Internet of Things (IoT),
an infrastructure layer, sensing technologies, and artificial intelligence (Al) [16]. In this
regard, improvements in modelling techniques may enhance the application of Al tools to
detect potential failure scenarios—such as pipeline collapse caused by sub-atmospheric
pressures—that may occur during emptying operations.

This research advances the theoretical understanding of the emptying process involv-
ing an entrapped air pocket with the upstream closed (without air valves). The primary
objective of this study is to derive an analytical solution to the three governing equations
previously described. In this sense, the system is first reduced to two first-order nonlinear
ordinary differential equations (ODEs), allowing for an investigation into the existence
and uniqueness of the solutions. Subsequently, the model is further simplified to a single
second-order nonlinear ODE, which captures the oscillatory behaviour of the water column
during the emptying process. In a further step, a specific change of variables transforms the
second-order nonlinear ODE into a first-order linear ODE. This transformation simplifies
the system’s structure and opens the possibility of formulating an analytical solution.

This work’s contribution lies in extending the previous numerical models and es-
tablishing an analytical framework for describing such transient air-water interactions.
This analytical insight can support water distribution systems’ optimisation and safer
design, particularly in scenarios where air entrapment cannot be entirely avoided. Experi-
mental validations in this study confirm the relevance and applicability of the proposed
methodology in real-world hydraulic systems [5,6,17].
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This study may serve as a valuable complement for water utilities in the development

of digital twin models, providing enhanced analytical tools for accurately simulating the
emptying process [6,15,18].

2. Mathematical Model

This section revisits the mathematical model proposed by Fuertes-Miquel et al. [5] for

analysing the emptying process in a single pipeline. The model provides a comprehensive

framework to describe the transient interaction between the water and air phases during

emptying operations. Figure 1 presents a schematic representation of a pipe segment

containing an entrapped air pocket.

Figure 1. General scheme of an emptying process with an entrapped air pocket.

The assumptions made to describe this phenomenon are based on the following

considerations:

The water phase is considered incompressible, as the air phase’s elasticity is signifi-
cantly higher than that of the water phase.

The single pipe’s slope, diameter, and roughness are assumed to be constant.

A constant friction factor is employed, representing the losses according to the Darcy—
Weisbach equation [10,19-22].

The polytropic law is used to model the air pocket pressure [22].

An instantaneous opening of the regulation valve at the downstream end is assumed,
facilitating the air release process.

The air-water interface is modelled using the piston flow model, which is valid for
small pipe diameters and hydraulic slopes, ensuring no free surface flow occurs [21].

One of the three formulations’” main advantages is its ability to capture different

polytropic behaviours. Specifically, an adiabatic process is represented with a polytropic

coefficient of 1.4, an intermediate process with a coefficient of 1.2, and an isothermal process

with a coefficient of 1.0.

Then, the phenomenon is modelled as follows:

Water column behaviour [5,11]: The water column can be modelled using the rigid
water column approach.

dvy _ P1— Patm +gAZl _ fow|ow| Rog A%y |vy|

dr PwLe L 2D L

(1)

where v, is the water velocity, p] is the air pocket absolute pressure, p;,,, is the

atmospheric pressure, py, is the water density, L, is the water column length, g is the
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gravity acceleration, 6 is the pipe slope, f is the Darcy-Weisbach friction factor, D is
the internal pipe diameter, A is the cross-sectional area, Ry is the resistance coefficient
of a regulating valve, and Qy, is the water flow. Minor losses (%) through a regulating
valve are estimated using the formula h,, = R,Q2,.
It should be noted that the closed air pocket prevents the complete drainage of the
water, thus avoiding L, from reaching zero. In other words, as the water drains, the
pressure in the air pocket decreases until it matches the external atmospheric pressure,
without the contents being fully emptied. Subsequently, the water column begins to
refill, causing the pressure inside the air pocket to rise above the atmospheric pressure,
and the draining process resumes. This cycle describes a continuous oscillatory
dynamic.

*  Air-Water interface [22]: The piston flow model defines the interface between the
water and air phases as follows.

(2)

where L, is the initial value of L,.
*  Polytropic air evolution [19]: The air pocket pressure can be approached using the
polytropic law.
PIVa =ploVao or pix‘=pioxs, ©

where V; is the air volume, V, g is the initial air volume, pj , is the initial value of p7], k
is the polytropic coefficient, x is the air pocket size, and xj is the initial value of x.

In summary, the system of Equations (4)-(6) fully describes the process. This system,
along with the appropriate initial and boundary conditions, can be solved for the variables
Uw, Le, and pj.

The initial and boundary conditions, along with the gravity term, are given by:
¢ Initial and boundary conditions: At the beginning, the system is assumed to be at

rest (+ = 0). The initial conditions are given by vy (0) = 0, L,o = LT — x0, and pj, =

Patm = 101325P,. The upstream boundary condition is defined by pj , representing

the air pocket’s initial condition. At the downstream end, the boundary condition is

given by p},,,, corresponding to the free release of water into the atmosphere.
*  Gravity-related term: The gravity term (z1 /L) is presented in Equation (4) as:

Az1/L, = sin(0),
where Az; is the elevation difference.
The resulting system can thus be expressed as:

dvw Pl = Patm ~ fowl|vw| Rog A%y vy |

T 7prE + gsin(6) "D L 4)
dL
7; == _Uw (5)
. pT,o(LT — L)k ©)
P (L — LooF

with initial conditions

vw =0, Leg = Lt — X, and pjy = pyyy, = 101325 Pa. (7)
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This mathematical model was previously developed by the authors [5].

3. Existence and Uniqueness of the System Solution

This section demonstrates that the system (4)—(6), subject to the specified initial condi-
tions (7), admits a unique solution within certain time intervals. To this end, the system is
reduced to a set of nonlinear differential equations as follows:

Combining Equations (4)—(6), and using the notation L := L.(t) and v := v, (t) (these
are time-dependent variables), the system reduces to:

o =—v ®)
‘ZTZ; :7(LT—IZL)"L +b—v|v|<c+i) - pﬁ;m %; 9)
with initial conditions
L(0)=Lr—xp and ©v(0)=0 (10)
where . ok N
a= p”t’”TO, b= gsin(h), ¢ =5p’ and d = R,gA>.
Using L' = dt , the system (8)—(10) can be expressed more compactly using vector

notation as follows:

L B P(L,v)

(v' )(Qw ) o
L'(0) (Lt —x
b )=(7") )

where P, Q: (0,Lt) x R — R are functions defined by:

with

P(L,v):=—-v

a d i 1
Q(L,’U) Z_(LT_L)kL‘f'b—U|U<C+L> - ppﬂ L
The functions P and Q do not explicitly depend on the time variable t. Therefore,
Equations (11) and (12) constitute a nonlinear autonomous system of differential equations
with initial conditions, whose solutions (L(t),v(t)) are parametrised curves in the phase
plane (L, v), commonly referred to as orbits.
The following result is obtained through direct calculation:

aQ Patm _
3L Lz[p +v|v|d

0Q d
5 —(c—l— L>2|v|.

oP JP
T =0 and 3 = —1.

a _ ak
(Lt = L)X|  L(Lt — L)k

It is worth noting that P, Q, and their partial derivatives 312, gg, %%, and 29 v are

continuous within an open connected set (0, Lt) x R. This holds because, according to the
parameters of the system (see Section 2), L is never zero, and Lt does not equal L at any
point during the emptying process, which begins at f = 0 from L1 — xy. These conditions
on P and Q ensure that for X := (L7 — x¢,0) € (0, L7) x R, the initial value problem has a
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solution X(t) := (L(t),v(t)) on a time interval [0, T) for a given T > 0, where the solution
is unique within this interval [23].

4. Analytical solution

Instead of directly addressing problem (8)—(10), the derivation of a simplified initial
value problem (IVP) for L is pursued. A reduced model for the pipe emptying process is
introduced, based on the conditions outlined in Section 2. This model is described by a
nonlinear second-order ordinary differential equation with the specified initial conditions.

The problem is then further reduced by suitable substitution into a first-order ordinary
differential equation to simplify the solution process.

4.1. Reduction of the System (8)—(10) to a Second-Order ODE
By combining Equations (8) and (9), the following second-order nonlinear ordinary
differential equation in L is obtained:
dt? (LT — L)k

4 bL +c ‘ ‘ patm (13)

subject to the following initial conditions:

L(0) = Ly — %y and %(o) 0, (14)
where .
a= Paum (¥0)® , b=gsin(f), c= L, and d = R,gA>. (15)
OPw 2D

4.2. Reduction of the Second-Order ODE to a First-Order ODE

To solve the IVP (Equations (13) and (14)), it is crucial to note the involvement of the
(t) >0and L'(t) <0.
Figure 2 illustrates the oscillatory behaviour of v = —L’(t) around zero. This prompts

dL
term ’ b

us to redefine the initial problem, stated for all ¢ > 0, into several issues over time intervals
of the form [ty, f;1]. These intervals are determined by changes in the sign of v = —L/(#).
We start with setting ty = 0 (where v(tp) = 0).

400 |
dL ) il < ()
380 - ¢ &= Length
' 2.5
360 - vs0 v20 Velocity
2
340
320 11.5 _
g Q
E300 1, =
~ to =
2801 to t iy 78] I3 ES)
/ / / -10.5
200 / / /\ AN /‘*\/ =,
240 - \’/ S S~
220 - I N R
200 L L L 1 1

0 124 200 274.1 3563 426. 9 504 576 655

Figure 2. Visualisation of the intervals defined for each analysed case.
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The value t; is defined as t; = sup{t > 0: v(t) = —L/(t) > 0}. Under this condition,
t

it is ensured that L'(t) keeps the same sign for all t € (t, t1), i.e., L' () < 0. Also, the
continuity of v is guaranteed because of the nature of the physical phenomenon. Thus,
Bolzano’s theorem from calculus [24] states that, given a change of sign in v, there has to be
a value f where v(f)=0. This value is precisely t = t; (i.e., v(t1) = —L'(t1) = 0).

Once a solution for IVP (13) and (14) is obtained, the values L(t;) and L'(t;) =
—o(t1) = 0 can be computed.

Because of the way it was defined, ¢; is the smallest value of ¢ such that t; > ¢y and
L'(t1) < 0; then, a new value t; can be set such that t, = sup{t > t; : v(t) = —L'(t) < 0}.
Thus, a new IVP can be defined using Equation (13) and tthe initial conditions L(t1) and
L'(t1) = —v(t;) = 0.

This process is repeated, solving the IVP given by Equation (13) on each interval
[k, txr1] with initial conditions L(f;) and L'(t;) = —v(t;) = 0, where t;, 1 is set as

teyr =sup{t >t : v(t) = —L'(t) >0 or v(t) = —L'(t) <0}.

Notice that, because of the continuous nature of v, there has to be specific values f
where v(t) = 0 whenever v switches its sign, and those values are exactly t; fork =0,1,2, ...

In the following, a solution will be presented for each of the two previously outlined
cases.

4.2.1. Case dl{‘i—y) > 0 on the Interval [fy, tgy1]

This case considers that L'(t) > 0 in [t txy1] C [0,00). Under these conditions,
Equation (13) becomes

d2L a dL\? dL\? p
—-L—=———+0bL — ) L4d| = | — Daim 16
a2 " (L —LF " +C(dt) + (dt) 0w (16)
If we define u = u(L) := %, note that:
du? du dudL d d (dL d’L
_— = —_— = — — = _— = 2 _— = _—
TR T T TR TAST < dt> ar?
Therefore,
d’L  1du?
a2 " 2dL 9
Using u = “% and relation (17), Equation (16) becomes
2dL (Lt — L) P
du? —2a 2d 2p;
— == 2b— (2c+ = |u? 4 Laim
il (Lr =D)L (”L)” t ol
S0,
du? 2d 2ps 2a
— (24 = |yt = Satm —2b.
dL+(C+L)u pwl  (Ly — L)AL
Therefore, Equation (16) reduces to the following linear first-order ODE for u?
d(u?) 2
+ P(L)u” = Q(L), (18)

dL
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where - )

Patm a
= -2h— 19
pwL (LT — L)kL (19)

P(L):=2c+ %, and Q(L):

Because 0 < xg < L < L7, the functions P and Q are continuous for all L evaluated in
the interval [, tx,1]. Thus, Equation (18) possesses a unique solution satisfying the initial
condition uy := u(L(t;)) = —v(tx), given by the formula (see Reference [24]).

u?(L) = ui - exp(—A(L)) +exp(—A(L)) - B (L), (20)
with L
A(L) ::/L P(s) ds. 1)
and
L
Bi(l):= [ Q(s)exp(A(s)) ds. (22)

Note that the expression (20) can be simplified to
WA(L) = exp(—A(L)) - By (L)
provided that the initial condition satisfies 1y = —v(f;) = 0.

By direct calculations, we have:

A(L) = /L P(s) ds

e,tk

L
:/ (ZC—i—Zd) ds
L s

e,tk

L
= 2C(L — Lg,tk) +2dln Let ‘
Ttk
Therefore,
L 2d
exp(A(L)) = exp(2c(L — Ley, ) ) exp <1n<L t ) >
etk
L 2d
— (Let ) exp(2c(L — L, ))
Ttk
L 2d
= (L“ ) exp(2cL) exp(—2cLey, ).
Ttk
and

—2d
exp(—A(L)) = exp(2cLey, ) (LeLt,() exp(—2cL).

We now turn our attention to the computation of B; (L), as presented in Equation (22).

The next family of special integrals is first defined (of the lower incomplete gamma functions
kind [25])

L .
7= / g(2d+j)-1 exp(2cs)ds, forall j=0,1,23,..
Le,tk
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From Equation (22):

L
Bi(L)= [ Q(s) exp(A(s)) ds

e,tk

_ " o g (A(s))ds—/L 2bex (A(s))ds—/L 2 exp(A(s)) ds
Le,tk Pw S P Le,tk P L()/[k (LT—S)kS p
2Patm / L i 2bexp(—2cLey,) / Lo
= —4__exp(—2cL S exp(2cs)ds — —————-%~ s“%exp(2cs) ds
Pw(Le,tk)Zd p( e,tk) Los, P( ) (Le,tk)Zd Leos, p( )
2 —2cL L
_ 2aexp( gde’tk)/ L kSZd_lexp(ch) ds
(Lff,tk) Le, (Lt —s)
S0
2p} 2bexp(—2cL,t,)
Bi(L) = — 24 __exp(—2cLet, ) Ty — —————— k2 T
l( ) Pw(Le,tk)2d p( e,tk) 0 (Le,tk)Zd 1
— ! S exp(2cs)ds (23
(Le,tk)Zd Leyt, (LT_S)k P( ) ®3)
J the integral is defined as
J = / — = %l exp(2cs) ds.
o Le,tk (LT - S)k p( )
L 1 —Sﬂ * 2d—1
= — 1+ — s exp(2cs) ds.
/Le,tk (LT>k |: (LT p( )

Now, J can be expressed as a binomial series.
Because 0 < s < L, then —1 < Z—TS < 0. Therefore, the above binomial series converge
(see Reference [24]) and

(@) 5@ -G (E)

Consequently,
B L, oes
S
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where I'(-) is the gamma function [25]. From Equations (23) and (28), thus:

exp(—2cLey,) [ZpZtm ]
= To—2bT — 2
Bl(L) (Lg,tk>2d pw O 1 aj
exp(—2¢Le) [ 2p5m = T(k+)) (1 )"*f
= To—2b1h —2a)y ————| — Z; 29
Lo | pe 222D i \ty) T @)

42.2. Case de—(tt) < 0 on the Interval (t; 1, tx 2]

Following the same reasoning as in Section 4.2.1, Equation (13) can be expressed as:

d2L a dL\? dL\? p:
LS = 4bL—c— ) L—d(Z) —lam
a2~ Lr—LF C< at > < T > o 0)
By making the substitution u = %, Equation (30) can be presented as a linear first-
order ODE for u?: )
d(u
;L) — P(L)u?> = Q(L), 31)

where P(L) and Q(L) are the functions defined in (19).
Proceeding analogously to the case where % > 0, and given that uy, 1 := v(t 1) =

—L'(txy1) = —u(L(tgy1)), then Equation (31) admits a unique solution expressed as:
u*(L) = ui,q - exp(A(L)) +exp(A(L)) - Bo(L), (32)
where L
A(L) = / P(s)ds = 2c(L — Ley,,,) +2d1n (33)
Lg,tk+l C,tk+1
and L
Ba(L)i= [ Q(s)exp(—A(s)) ds. (34)
“ et

Note that the expression (32) can be simplified to
u?(L) = exp(—A(L)) - By(L)

provided that the initial condition satisfies uy = —v(f;) = 0.

By applying an analogous reasoning as employed in the derivation of By, the formula
for B, is obtained.

Let us call

L .
Fi ::/ g(=2d+j)—1 exp(—2cs)ds, forall j=0,1,273,..
L

etkt1
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This is a family of special integrals (of the lower incomplete gamma functions kind [25]).
From Equation (34), it follows that:

L
BaL)= [ QUs) exp(—A(s)ds

ety

_ [ %exp(_A(s))ds—/LL 2bexp(—A(s))ds

Lertk+1 pr

CUSE]
L 2a
- —————— exp(—A(s)) ds
/Le,tk+1 (Lt — s)ks P
_ Zp;tm 2d L —(2d+1) _9 ds—
= —Blexp(2cLet, ;) (Lety,,) s exp(—2cs) ds
Pw et
L
2bexp(2cLety,, ) (Lety )2 / s~ 2exp(—2cs) ds
el
— 2aexp(2cL )(Ley, ) " #sfmflex (—2c¢s) ds
p etgr1 )\ etk Ler (L7 — s)k p
elk41
Then
2 *
Ba(L) = exp(2cLey,., ) (Lo, )™ [’;meo —2bF; —2aB
where

L 1
B ::/ 21 oy (—2c5) ds.
Lon, (L1 — 5" p(—2cs)

Using the power series expansion of the expression (Lt — s) 7%, the integral can be
estimated as:

L 1
B :=/ =g 2l oy (—2¢s) ds.
oy, (Tr — 9 p(—2cs)

Indeed,
t K\ (=1 g
B:/ ) i (—2d+j)-1 ) J
Letiiq ]ZO( ) ) (LT)k+]S exp( CS) S
) —k) (—1)] /L (—2d1j)-1
= . . s exp(—2cs) ds
E)(] (Lr)kti JLey,
> (—k\ (—1)
= . _F
]g) < ) ) (LT)k+J ]
2 T(k+j) (1N
TG+ DI(k) \ Ly
Finally,

2p*
BZ(L) = exp(ZcLe,tkH)(Le,tkH)Zd [Putm./_'b —2bFq — ZLZB:|

Pw

2p* [ T(k . 1 k+j
2d | “Patm Fo — 2bF, — } : ( ]) .
= P (2eLon)(Leten) l pw 27 Zaj:o F(j+1)F(k)(LT> 11' (35

4.3. Solution of v(t), L(t), and p} from u?

This section derives expressions for v(t), L(t), and p} based on the solution u? of the

first-order differential Equations (18) and (31), corresponding to cases where ‘% > 0and

‘% < 0, respectively.
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4.3.1. Calculation of v(t)
Considering that u(L) = ‘%,then u? = (u(L))? = (‘%)2. So, ‘ZI—I; = +Vv/u?2, and because

o(t) = —%, then:
v(t) = F/u(L(t)
That is:
—Vu(L(t))?, if % >0
o(t) = (36)
u(L(t))2, ifd <o
4.3.2. Calculation of L(t):
Because u(L(t)) = %, then:
L(t) + /t\/(u(L(s)))zds, if &L >0
L(t) = T (37)

L)~ [\ L)2as, i % <o

4.3.3. Calculation of p]

Given that L is calculated from u?, the air pocket pressure can be computed as follows:

. Pio(Lr — Lep)F

P1 = (LT — L)k (38)

In summary, the solution to the 3 x 3 system (4)—(6) is provided by Equations (36)—(38).

4.4. Validation of the Analytical Solution

The analytical solution is now checked by first numerically solving the original sys-
tem (4)—(6) and comparing its solution with the analytical solution (20)-(22) and (32)-(34)
on the respective time intervals. During the test, the following parameters were consid-
ered: LT =600m, f = 0.018, D = 0.35m, R, = 0.06 s>/m~°, xy = 200 m, k = 1.2,
P, = 101325 Pa, = sin~1(3/120) rad.

Figures 3-5 display graphical representations of these solutions with the integrals (22)
and (34) evaluated numerically. The analytical and numerical solutions show excellent
concordance, validating the use of the analytical solution as a predictive tool for emptying
processes.
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Figure 3. Analytical solution for the water velocity v(t).
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Figure 4. Analytical solution for the water column length L(¢).



Appl. Sci. 2025, 15, 6000

14 of 18

]. 1 T T T T T T

+  Analytical solution
0k Numerical solution | |

p, (mH,0)

4 1 1 1 1 l 1 1
0 500 1000 1500 2000 2500 3000 3500 4000

t(s)

Figure 5. Analytical solution for the air pocket pressure pj (t).

Figure 6 presents the solution considering the first seven terms of the series, expressed
explicitly through Equations (29) and (35) for the initial two intervals corresponding to
% > 0 and % < 0, respectively. The results demonstrate rapid convergence of the

analytical solution to the numerical solution with relatively few terms.

3 T T T T \

dL/dt >0

v (m/s)

dLfdt < 0 el

-2 1 1 1 1 1 1 | | |
0 20 40 60 80 100 120 140 160 180 200
t(s)
Figure 6. Convergence of the series in the analytical solution for the water velocity v(). The red line
corresponds to the numerical solution.

Furthermore, the analytical model was validated using experimental measurements
conducted by the authors, as reported in Reference [5], where a single pipeline with an
internal diameter of 42 mm and a total length of 4.36 m was employed. In this case, con-
ditions similar to those of the practical application were considered, implying that the
upstream end remained closed during the simulations. For the analysis, the initial air
pocket size, xg, ranged from 0.205 to 0.450 m; longitudinal pipe slopes varied between 0.457
and 0.515 rad; and resistance coefficients at the regulating valves ranged from 11.89 to
138.41 x 10° ms?/m®. The analytical solution was applied under the assumption of instan-
taneous valve opening to provide conservative (safety) estimates, while the experiments
were conducted considering a gradual valve opening. Figure 7 presents a comparison
between the computed and measured evolution of the air pocket pressure over time, for
an initial air pocket volume of 0.450 m, a longitudinal slope of 0.457 rad, and a resistance
coefficient of 30.86 x 10° ms?/m®. The discrepancy observed during the initial seconds is
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attributed to the experimental setup, in which the regulating valve was gradually opened
using an opening manoeuvre time of 0.3 s.

Experimental =~ ---e--ee Analytical model

Figure 7. Comparison of the air pocket pressure pulses for xy = 0.45 m, 6 = 0.457 rad, and
Ry =30.86 x 106 ms?/m°.

Figure 8 compares the maximum air pocket pressures obtained from 12 measurements,
demonstrating that the analytical model can accurately capture these values, which are
crucial to detect if a pipeline can have a risk of collapse.

10
T 9
5
@
5]
=
L8 .
g ——Perfect fit
S ® Analytical model
s 7

6

° 7 8 9 10
P17, (m) - Computed

Figure 8. Comparison of the maximum air pocket pressure between computed and measured values.

5. Discussion

The original coupled model defined by Equations (4)-(6) has been reduced to a single
second-order nonlinear ordinary differential equation in the water column length L(t) (see
Equation (13)). This formulation captures the intrinsic oscillatory dynamics arising from the
air-water interface reversal, but the presence of |%| renders direct integration intractable.
By introducing the change of variables u(L) = %, it is possible to eliminate the absolute
value nonlinearity and recast the problem into the linear first-order ODE for u?(L) (see
Equation (18)), valid over monotonic segments of %. This key transformation not only
simplifies the analytical treatment but also yields explicit integral expressions for u?(L) in

both regimes ’% > 0 (see Equations (20)—(22)) and % < 0 (see Equations (32)—(34)).
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Constructing the global solution thus requires stitching together these local solutions
at the sign change instants t; (where % = 0). In this research, the switching times were
determined numerically by locating zeros of the water velocity in the reduced model;
thereafter, the piecewise integrals were evaluated to produce continuous profiles of L(t),
v(t), and pj(t) (Figures 3-5) that agree closely with fully numerical simulations of the
original system. Moreover, the series expansions of the special integrals I; and F; converge
rapidly; even truncating after seven terms recovers the numerical velocity profile almost
exactly (Figure 6), demonstrating the practical utility of the analytical analysis.

Although solutions (36)—(38) obtained from (20) and (32) are not explicitly continuous
or differentiable for t > 0 (especially on t; with k = 0,1,2,...), the fact that both (18) and

(31) were derived from (13) ensures that v(t) = — dzstgt) is defined globally for ¢ > 0, and
therefore, v = — d{;—(tt) and L(t) are continuous and differentiable for ¢ > 0.

On the other hand, the simplified model can be as precise as desired whenever the
time subintervals determined by the values t; with k = 0,1,2, ... are computed correctly
depending on the sign of v(t).

However, there are some errors generated while computing v, L, and p] from expres-
sions (36)—(38). These errors arise from the truncation of the numerical computations of
the integral terms (A(L), B1(L), Z;, and By(L)) and the series ;. In addition, round-off
errors might come up due to hardware architecture and software configuration used for
calculations. All these errors can be compensated by selecting an appropriate step size for
the time variable.

The proposed model could be further optimised from a physical standpoint by ac-
knowledging that the air-water interface may adopt various configurations—such as
bubble flow, plug flow, stratified wave flow, and stratified smooth flow—rather than as-
suming a strictly vertical profile. These flow regimes are particularly relevant in pipelines
with larger diameters or lower longitudinal slopes. Furthermore, the current mathematical
model does not account for the effect of air backflow, which may occur especially in large-
diameter pipes, where air can travel from the regulating valve at the downstream end back
towards the upstream end.

Finally, the proposed solution method, which treats the cases in which the velocity
changes direction separately, can be generalised to describe oscillations involving dissipa-
tive forces proportional to the square (or another even power) of the water velocity but
acting in the opposite direction. This approach could be applied to the solution of ordinary
differential equations that include sign-changing terms, such as those that involve absolute
values of the variable under study.

Water utilities increasingly seek to implement digital twin systems within water
distribution networks. As draining processes in pressurised pipelines can potentially lead
to pipeline collapse, the proposed analytical solution offers a rapid means of estimating
these effects. Real-time data are essential for accurately calibrating the phenomenon under
study to establish a reliable digital twin. As physical equations govern the draining process
examined in this study, variations in the initial parameters do not affect the model’s
applicability. However, the model is specifically designed for drainage operations and
unsuitable for filling processes, where different parameters and governing variables come
into play.

6. Conclusions

This research has analysed the problem of emptying processes with an entrapped
air pocket. The corresponding mathematical model for this physical phenomenon is il-
lustrated at the beginning. Based on this model, this research demonstrated an analytical
solution that can be used to describe this problem. The analytical solution can be a prac-
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tical tool for implementing a digital twin model to predict emptying operations in water
distribution systems.

Considering that the emptying process evidences an oscillatory behaviour where the
velocity at which the air-water interface moves switches its sign at specific time intervals,
a strategy was proposed to simplify the model and determine a closed-form formula for
the solution. Thus, by rewriting the problem in terms of a new variable, the problem
could be reduced to a linear model for different time intervals, and an analytical solution
based on integral terms was constructed for every time interval for the column length,
the velocity of the air-water interface, and the pressure in the air pocket. The solution
for the velocity was plotted locally at every time interval after evaluating the integral
terms in the solution numerically. It was observed that this solution corresponds with the
approximated numerical solution, validating the formulation of the analytical solutions.
Finally, a series expansion was proposed for the integral terms at every time interval. The
plots for the first seven partial summations of the series exhibit the convergence of the
solution, demonstrating the correctness of the proposed analytical solution.

Author Contributions: Conceptualisation, C.R.P.G., E.P-B., and A.P.-V.; methodology, O.E.C.-H.,
and V.S.F-M,; validation, O.E.C.-H., and V.S.E-M.; formal analysis, C.R.P.G., E.P.-B., and A.P-V,;
investigation, C.R.P.G., E.P-B., and A.P-V,; writing—original draft preparation, O.E.C.-H., CRP.G,,
E.P-B., and A.P-V,; writing—review and editing, V.5.F.-M. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

ODE Ordinary differential equation
IVP  Initial value problem
Sup  Minimum upper bound of a set

References

1.

American Water Works Association. Air-Release, Air/Vacuum, and Combination Air Valves: M51; American Water Works Association:
Denver, CO, USA, 2001.

Fontana, N.; Galdiero, E.; Giugni, M. Pressure surges caused by air release in water pipelines. J. Hydraul. Res. 2016, 54, 461-472.
Wang, J.; Vasconcelos, ].G. Investigation of manhole cover displacement during rapid filling of stormwater systems. |. Hydraul.
Eng. 2020, 146, 04020022.

Zhou, L.; Lu, Y.; Karney, B.; Wu, G.; Elong, A.; Huang, K. Energy dissipation in a rapid filling vertical pipe with trapped air. J.
Hydraul. Res. 2023, 61, 120-132.

Fuertes-Miquel, V.S.; Coronado-Hernéndez, O.E ; Iglesias-Rey, P.L.; Mora-Melid, D. Transient phenomena during the emptying
process of a single pipe with water—air interaction. J. Hydraul. Res. 2019, 57, 318-326. https://doi.org/10.1080/00221686.2018.14
92465.

Paternina-Verona, D.A.; Coronado-Herndndez, O.E.; Fuertes-Miquel, V.S.; Saba, M.; Ramos, H.M. Digital Twin Based on CFD
Modelling for Analysis of Two-Phase Flows During Pipeline Filling-Emptying Procedures. Appl. Sci. 2025, 15, 2643.
Perez-Pulido, R.Y.; Rokhzadi, A.; Fuamba, M. Experimental Investigation of the Emptying Process and Air Cavity Dynamic in
Pipelines. J. Irrig. Drain. Eng. 2022, 148, 04022040.


https://doi.org/10.1080/00221686.2018.1492465
https://doi.org/10.1080/00221686.2018.1492465

Appl. Sci. 2025, 15, 6000 18 0f 18

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

Tasca, E.; Karney, B.; Fuertes-Miquel, V.S.; Dalfré Filho, ].G.; Luvizotto, E., Jr. The crucial importance of air valve characterization
to the transient response of pipeline systems. Water 2022, 14, 2590.

Tijsseling, A.S.; Hou, Q.; Bozkus, Z. Rapid liquid filling of a pipe with venting entrapped gas: Analytical and numerical solutions.
J. Press. Vessel Technol. 2019, 141, 041301.

Tijsseling, A.S.; Hou, Q.; Bozkus, Z.; Laanearu, J. Improved one-dimensional models for rapid emptying and filling of pipelines.
J. Press. Vessel Technol. 2016, 138, 031301.

Coronado-Hernandez, O.E.; Fuertes-Miquel, V.S.; Besharat, M.; Ramos, H.M. Experimental and numerical analysis of a water
emptying pipeline using different air valves. Water 2017, 9, 98.

Bonilla, C.; Brentan, B.; Montalvo, I.; Ayala-Cabrera, D.; Izquierdo, J. Digitalization of Water Distribution Systems in Small Cities,
a Tool for Verification and Hydraulic Analysis: A Case Study of Pamplona, Colombia. Water 2023, 15, 3824.

Conejos Fuertes, P.; Martinez Alzamora, F; Hervas Carot, M.; Alonso Campos, J. Building and exploiting a Digital Twin for the
management of drinking water distribution networks. Urban Water J. 2020, 17, 704-713.

Ramos, H.M.; Kuriqi, A.; Coronado-Herndndez, O.E.; Lépez-Jiménez, P.A.; and, M.P.S. Are digital twins improving urban-water
systems efficiency and sustainable development goals? Urban Water J. 2024, 21, 1164-1175. https://doi.org/10.1080/1573062X.20
23.2180396.

Berglund, E.Z.; Shafiee, M.E.; Xing, L.; Wen, J. Digital Twins for Water Distribution Systems. ]. Water Resour. Plan. Manag. 2023,
149, 02523001. https:/ /doi.org/10.1061/JWRMD5.WRENG-5786.

Ramos, HM.; Kuriqi, A.; Besharat, M.; Creaco, E.; Tasca, E.; Coronado-Hernandez, O.E.; Pienika, R.; Iglesias-Rey, P. Smart
Water Grids and Digital Twin for the Management of System Efficiency in Water Distribution Networks. Water 2023, 15, 1129.
https://doi.org/10.3390/w15061129.

Chen, X.; Hou, Q.; Laanearu, J.; Tijsseling, A.S. Experimental data on filling and emptying of a large-scale pipeline. Sci. Data 2024,
11, 603.

Singh, A.; Maheshwari, A.; Singh, S. Digital Twin Framework for Leakages Detection in Large-Scale Water Distribution Systems:
A Case Study of IIT-Jodhpur Campus. IFAC-PapersOnLine 2024, 57, 280-285.

Izquierdo, J.; Fuertes, V.S.; Cabrera, E.; Iglesias, P.L.; Garcia-Serra, J. Pipeline start-up with entrapped air. J. Hydraul. Res. 1999,
37, 579-590.

Laanearu, J.; Annus, I.; Koppel, T.; Bergant, A.; Vu¢kovi¢, S.; Hou, Q.; Van’t Westende, ]J. Emptying of large-scale pipeline by
pressurized air. J. Hydraul. Eng. 2012, 138, 1090-1100.

Liou, C.P; Hunt, W.A. Filling of pipelines with undulating elevation profiles. J. Hydraul. Eng. 1996, 122, 534-539.

Zhou, L.; Liu, D.; Karney, B. Investigation of hydraulic transients of two entrapped air pockets in a water pipeline. J. Hydraul.
Eng. 2013, 139, 949-959.

Strogatz, S.H. Nonlinear Dynamics and Chaos: With Applications to Physics, Biology, Chemistry, and Engineering, 2nd ed.; CRC Press:
Boca Raton, FL, USA, 2015. https://doi.org/10.1201/9780429492563.

Apostol, TM. Calculus. Vol. I: One-Variable Calculus, with an Introduction to Linear Algebra, 2nd ed.; Blaisdell Publishing Co. [Ginn
and Co.]: Waltham, MA, USA; Toronto, ON, Canada; London, UK, 1967.

Paris, R.B. Incomplete gamma and related functions. In NIST Handbook of Mathematical Functions; U.S. Department of Commerce:
Washington, DC, USA, 2010; pp. 175-192.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1080/1573062X.2023.2180396
https://doi.org/10.1080/1573062X.2023.2180396
https://doi.org/10.1061/JWRMD5.WRENG-5786
https://doi.org/10.3390/w15061129
https://doi.org/10.1201/9780429492563

	Introduction
	Mathematical Model
	Existence and Uniqueness of the System Solution
	Analytical solution
	Reduction of the System (8)–(10) to a Second-Order ODE
	Reduction of the Second-Order ODE to a First-Order ODE
	Case dL(t)dt 0 on the Interval [ tk, tk+1]
	 Case dL(t)dt0 on the Interval (tk+1,tk+2]

	Solution of v(t), L(t), and p*1 from u2
	Calculation of v(t) 
	Calculation of L(t):
	Calculation of p*1

	Validation of the Analytical Solution

	Discussion
	Conclusions
	References 

