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Abstract10

This study delves into the multifractal cross-correlations between cosmic ray intensity and sunspot numbers, address-11

ing the shortcomings of traditional correlation analyses that often fail to capture the intricate and multifractal nature of12

these time series. Cosmic rays and solar activity are critical components of space weather dynamics, and understand-13

ing their interactions is essential for predicting space weather events that can affect satellite operations, communication14

systems, and even climate on Earth. We employ Multifractal Detrended Cross-Correlation Analysis (MFDCCA) to15

explore these complex relationships across a range of time scales. Our methodology involves segmenting the time se-16

ries into windows of varying lengths, from 50 to 3900 days, and calculating cross-correlation coefficients for different17

polynomial fitting orders and fluctuation orders q = [0.5, 1, 2, 3, 4, 5], using polynomial orders of 2, 3, 4, and 5. This18

approach allows us to capture the multifractal properties and temporal dependencies within and between the series.19

Our analysis reveals significant multifractal correlations, with the highest correlation coefficient of 0.876 occurring
for q = 0.5 and polynomial order 2 with a lag of 57 days. The results demonstrate that higher polynomial orders result
in more stable and robust coefficients, indicating stronger correlations on larger scales. These findings highlight the
efficacy of advanced techniques like MFDCCA in uncovering the complex interactions between cosmic rays and solar
activity, which are often missed by conventional methods. The implications of our study extend to the enhancement of
space weather prediction models. By incorporating additional heliophysical variables such as solar wind conditions,
interplanetary magnetic field data, and indices of coronal mass ejections or solar flares, future research can construct
more comprehensive models that better capture the multifractal interactions governing these phenomena. This ex-
panded understanding is crucial for improving the accuracy of space weather forecasts and mitigating the potential
impacts of space weather events on technological and natural systems.

Keywords: Multifractal Detrended Cross-Correlation Analysis, Cosmic Ray Intensity, Sunspot Numbers, Time Lag20

Analysis, Space Weather Dynamics21

1. Introduction22

In various complex systems, the interactions between components can be highly intricate, with the current value of23

each component depending not only on its own past but also on the past values of other components. This complexity24

is particularly evident in non-stationary systems that exhibit long-range correlations and cross-correlations [1, 2,25

3]. Traditional correlation analysis methodologies, such as covariance analysis, often fall short in capturing these26

dynamics due to their inability to address non-stationary behavior effectively.27

Detrended cross-correlation analysis (DCCA) [4, 5] and the recently explored detrended cross-correlation coeffi-28

cient (ρDCCA) [6, 7, 8] have been proposed to address this limitation, providing tools to quantify the significance of29

cross-correlations in non-stationary time series. These methodologies have revealed complex patterns across various30

fields, including geophysics, economics, and material physics. For example, studies of the Chinese financial market31
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have shown a weak cross-correlation with the U.S. market, highlighting the relative independence of the Chinese mar-32

ket from external influences [9, 10]. Similarly, research in the cryptocurrency market has quantified its complexity33

from different perspectives [11, 12]. Other areas of application include the characterization of weather systems, global34

climate, and transient phenomena such as the North Atlantic Oscillation [13, 14, 15], as well as the analysis of atmo-35

spheric pollutants in urban areas [16, 17]. Additionally, in the context of space weather, cosmic rays have also been36

related to various phenomena and factors associated with terrestrial climate and meteorological variables [18, 19].37

Multifractality has emerged as a critical feature in the study of time series in astrophysics and other natural sciences38

[20, 21, 22, 23, 24]. The ability of multifractal methods to describe fluctuations across multiple time scales offers39

deeper insights into the underlying processes that generate these series. Previous studies have applied multifractal40

analysis to unravel the multifaceted interactions and variability of cosmic rays and their relationship with solar activity41

[25]. These studies have demonstrated that multifractal characteristics are crucial for a more detailed understanding42

of astrophysical phenomena, including the identification of patterns and the prediction of solar events.43

Sunspot time series are generally non-stationary due to long-term trends, significant cyclical variations such as44

the approximately 11-year solar cycle, and changes in variance over time. Similarly, cosmic ray time series recorded45

by neutron monitors on Earth are also non-stationary, influenced by factors including solar activity, geomagnetic46

conditions, and atmospheric effects, leading to long-term trends and variability in the data. These characteristics47

make traditional correlation measures less effective for capturing the complex dynamics present.48

Several studies have employed DCCA, which is based on Detrended Fluctuation Analysis (DFA), to investigate49

the cross-correlations between non-stationary time series. DFA is a widely used method for detecting long-range50

correlations by detrending the data over various scales and analyzing the resulting fluctuation functions. DCCA51

extends DFA by applying it to pairs of time series, enabling the study of cross-correlations at multiple scales.52

In recent years, several studies have focused on measuring the time lag between cosmic rays and sunspot numbers53

using various correlation techniques [26, 27, 28]. For instance, Koldobskiy et al. [29] utilized cross-correlation54

functions to examine the time delay between solar activity and galactic cosmic ray intensity, finding a notable lag55

that varies with solar cycles. Similarly, Idosa et al. [30] applied wavelet analysis and cross-correlation methods to56

identify the temporal relationships between cosmic ray flux and solar activity indicators, highlighting significant lags57

and periodicities.58

Recent work by Modzelewska et al. [31] and Sierra-Porta and Domı́nguez-Monterroza [23] explored the use of59

DCCA to analyze the scaling properties of the diurnal variation of galactic cosmic rays during Solar Cycle 24 and the60

solar minima between Solar Cycles 23/24 and 24/25 based on neutron monitor count rates. The scaling features of61

the galactic cosmic ray diurnal variation are studied by evaluating the Hurst exponent, a quantitative parameter used62

as an indicator of the state of randomness in a time series.63

In this study, we extend the traditional DCCA approach by generalizing it to use Multifractal Detrended Fluc-64

tuation Analysis (MFDFA) to provide a more robust framework for studying correlations between solar dynamics65

and cosmic ray count time series. Although DFA and DCCA typically assume monofractality [13], where a single66

scaling exponent characterizes the time series, MFDFA allows the detection of multifractality, capturing a spectrum67

of scaling exponents that describe the complexity of the data more comprehensively [32]. This multifractal approach68

is particularly advantageous for characterizing the intricate and heterogeneous scaling behaviors often observed in69

natural systems, such as the variability in cosmic rays and sunspot numbers.70

The objective of this manuscript is to use a version of the correlation coefficient that employs multifractal char-71

acteristics of the involved time series, quantifying the significance of these correlations more generally. By com-72

bining the methodologies of DCCA with multifractal analysis, we aim to provide a robust tool for evaluating cross-73

correlations in complex and non-stationary time series. This approach will not only enhance our understanding of74

the relationships between cosmic rays and sunspots but also have broader applications in other fields of science and75

engineering.76

2. Methods and Data Experiment77

2.1. Multifractal Detrended Cross-Correlation Coefficient78

In the analysis of stationary time series, cross-covariance and cross-correlation functions are commonly employed79

to quantify the similarity between two series [33, 34]. These measures also help assess the statistical significance of80
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cross-correlations. However, when dealing with non-stationary time series, these traditional measures are inadequate81

as they do not account for non-stationarity in the data. To address this issue, MFDCCA and the multifractal detrended82

cross-correlation coefficient ρMFDCCA [7, 8] have been developed.83

To define the multifractal detrended cross-correlation coefficient for two non-stationary time series xi and yi of84

equal length N, we begin by computing their integrated signals [4, 9]:85

Xk =

k∑
i=1

xi and Yk =

k∑
i=1

yi, (1)

where k = 1, . . . ,N.86

The integrated series are then divided into overlapping windows of length n. Within each window, a local polyno-87

mial trend is fitted to the data, and the detrended series are obtained by subtracting this local trend from the integrated88

series. The detrended covariance for each window, starting at index i and ending at i + n, is calculated as:89

f 2
MFDCCA,xy(n, i) =

1
n

i+n∑
k=i

[
(Xk − X̃k,i)(Yk − Ỹk,i)

]q
, (2)

where X̃k,i and Ỹk,i are the local polynomial trends in the window, and q is the multifractal order.90

In the context of MFDCCA, the parameter q represents the order of the statistical moments analyzed. It allows for91

the examination of the scaling behavior of fluctuations of different magnitudes within the time series. Positive values92

of q emphasize larger fluctuations, while negative values highlight smaller fluctuations [35, 36]. This parameter93

provides a deeper understanding of the multifractal structure of the time series by revealing how different scales of94

variability contribute to the overall dynamics.95

The overall detrended covariance FMFDCCA(n, q) is obtained by averaging over all windows:96

F2
MFDCCA,xy(n, q) =

 1
N − n

N−n∑
i=1

f 2
MFDCCA,xy(n, i)

1/q . (3)

The multifractal detrended variance is calculated similarly for each series. For the series xi, it is given by:97

F2
MFDFA,x(n, q) =

 1
N − n

N−n∑
i=1

[
(Xk − X̃k,i)2

]q1/q . (4)

Analogously, for the series yi:98

F2
MFDFA,y(n, q) =

 1
N − n

N−n∑
i=1

[
(Yk − Ỹk,i)2

]q1/q . (5)

Understanding the scaling properties of F2(n, q) is crucial for deciphering the multifractal behavior of time series.99

For a given window size n, the fluctuation function F2(n) scales with n following a power-law relationship, F2(n) ∝100

n2H , where H is the Hurst exponent. The Hurst exponent characterizes the long-term memory of the time series:101

0 < H < 0.5 indicates anti-persistent behavior, H = 0.5 corresponds to a random walk, and 0.5 < H < 1 signifies102

persistent behavior. This relationship allows us to quantify the degree of long-range dependence in the data.103

The multifractal detrended cross-correlation coefficient ρMFDCCA(n, q) is then defined as the ratio of the multifractal104

detrended covariance to the geometric mean of the multifractal detrended variances [7, 8]:105

ρMFDCCA(n, q) =
F2

MFDCCA,xy(n, q)

FMFDFA,x(n, q) · FMFDFA,y(n, q)
. (6)

The coefficient ρMFDCCA(n, q) used in this study ranges between 0 and 1, as the calculation involves adding fluctu-106

ations without retaining their signs. A value close to 1 indicates strong cross-correlations, while values near 0 suggest107
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no significant cross-correlations. This approach focuses on the magnitude of the correlation, consistent with the108

method employed here. The significance of ρMFDCCA(n, q) can be further tested using statistical methods to determine109

the presence of genuine cross-correlations between the two time series.110

Future studies may consider implementing the modified definition of the multifractal detrended cross-correlation111

coefficient to include the sign of the fluctuations, thereby obtaining values in the range [-1, 1]. However, as the112

negative correlation between cosmic ray intensity and sunspot numbers is well known, the present analysis focuses on113

quantifying the magnitude of the correlation, which remains meaningful for understanding the multifractal relationship114

between these two time series.115

Using the MFDCCA coefficient, we can capture the multifractal nature of the data and quantify the significance116

of cross-correlations with greater accuracy. This approach provides a more comprehensive understanding of the117

relationships between complex and non-stationary time series.118

2.2. Test Data119

The cosmic ray data utilized in this study were obtained from the Neutron Monitor Data Base (NMDB, https:120

//www.nmdb.eu/) [37, 38, 39], specifically from the OULU station. The NMDB provides a comprehensive collection121

of cosmic ray measurements from various neutron monitor stations worldwide, offering valuable insights into cosmic122

ray intensity and its variations over time.123

The OULU neutron monitor station is located at 65.05° N, 25.47° E, at an altitude of 15 meters above sea level. It124

has a magnetic rigidity cutoff of approximately 0.8 GV, enabling it to measure lower-energy cosmic rays that are more125

strongly influenced by solar modulation. OULU has been operational since 1964, providing a long-term, high-quality126

dataset with minimal missing values. This extensive coverage makes it well suited for investigating the long-term127

variability of cosmic ray intensities and their connection to solar processes.128

Sunspot data were obtained from the World Data Center SILSO, Royal Observatory of Belgium, Brussels (https:129

//www.sidc.be/SILSO/datafiles) [40]. SILSO provides a continuous, long-term record of sunspot numbers. In130

this study, we used data that ranged from 1964 to 2024, capturing multiple solar cycles. Since each cycle lasts about131

11 years, this time frame includes periods of both solar maxima and minima, thus encompassing a wide range of solar132

activity conditions.133

The sunspot data are recorded with a daily resolution, the finest available for this dataset, allowing for detailed134

analysis of short-term fluctuations in solar activity and their potential correlation with cosmic ray intensity. For this135

study, we selected the OULU neutron monitor data due to its completeness and minimal missing values. Any missing136

values were addressed using a Moving Average Exponentially Weighted procedure, ensuring the integrity of the137

dataset. No additional data mining or manipulation techniques were applied to the datasets. Both time series (cosmic138

ray and sunspot data) were normalized using a standard convention to facilitate comparison. The normalization was139

performed using the formula:140

datanorm =
data −min(data)

max(data) −min(data)
. (7)

This normalization ensures that all time series are on the same scale, enabling more accurate cross-correlation141

analysis. The datasets encompass multiple solar cycles, with each cycle characterized by varying levels of solar142

activity and corresponding changes in cosmic ray intensity. The comprehensive span of the data allows for a robust143

analysis of long-term trends and correlations.144

As illustrated in Figure 1(Left), the normalized counts of cosmic rays measured at the OULU station and sunspot145

numbers from 1964 to 2024 highlight the variability and correlation across multiple solar cycles. The normalization to146

a [0, 1] scale enables a clear comparison between the two datasets, revealing distinct patterns of variation. The blue line147

represents the cosmic ray counts, which show significant fluctuations corresponding to solar activity changes, while148

the orange line shows the sunspot numbers with evident cyclical peaks and troughs. This comparison underscores the149

inverse relationship between cosmic ray intensity and solar activity, with higher sunspot numbers typically associated150

with reduced cosmic ray counts due to increased solar activity. The variability observed in both time series is crucial151

for understanding the dynamic interactions between cosmic rays and solar activity.152

Figure 1(Right) provides a detailed scatter plot of cosmic ray counts against sunspot numbers, further emphasizing153

this inverse relationship. The variability in both time series is apparent, with the cosmic ray intensity decreasing as the154

sunspot numbers increase. This detailed visualization highlights the importance of considering multifractal properties155

when analyzing the cross-correlations between these non-stationary time series.156
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Figure 1: (Left) Normalized counts of cosmic rays (OULU) and sunspots from 1964 to 2024. The data have been normalized to a [0, 1] scale
to facilitate comparison. The OULU cosmic ray counts (blue line) and sunspot numbers (red line) are shown, highlighting the variability and
correlation patterns over multiple solar cycles. The normalization was performed using the formula 7. (Right) Scatter plot for one-to-one counts
(not normalized) between cosmic rays and sunspots showing an evident anti-correlation relationship, with colors referring to the solar cycles across
the study. This allows for a direct visual comparison of the two time series.

3. Experimental results157

Following the proposed methodology, the first step involved calculating the multifractal cross-correlation coef-158

ficient. According to Eq (2), the analysis was performed by dividing each time series into 7 windows of varying159

window lengths n = [49, 98, 194, 385, 764, 1515, 3003, 5953] (days) logarithmically spaced. These window lengths160

correspond to minimum and maximum window sizes of approximately 0.25% and 18% of the total data length, re-161

spectively, and are spaced linearly. The largest window size, approximately 3900 days, was chosen to coincide with162

the average length of a solar cycle, capturing long-term phenomena. The smallest window size, 50 days, was selected163

to include short-term events and fluctuations.164

To explore the multifractal nature of the data, we considered fluctuation orders q = [0.5, 1, 2, 3, 4, 5]. For the fitting165

within each window, we employed polynomial functions of orders 2, 3, 4, and 5. The cumulative fluctuation functions166

in the window sizes were then constructed in accordance with equations (3), (4) and (5) from our methodology.167

Figure 2 illustrates the logarithmic plot of the fluctuation functions F2
MFDCCA,xy, F2

MFDFA,x and F2
MFDFA,y, as a168

function of window size (log n). These functions were calculated for the joint series (cosmic rays and sunspots) and169

the individual series (cosmic rays and sunspots), respectively.170

From the left panel, depicting F2
MFDCCA,xy, we observe that the fluctuation function scales with the window size171

n following a power law relationship F2
MFDCCA,xy ∼ nkxy . For q = 2, the fitted power law for this function yields an172

exponent kxy = 1.775 ± 0.034 , indicating strong multifractal cross-correlations between the cosmic ray and sunspot173

series. Similarly, the middle panel shows F2
MFDFA,x for the cosmic ray series, which also follows a power law with an174

exponent kx = 1.827 ± 0.024 (for q = 2). This exponent reflects the scaling properties and multifractal nature of the175
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cosmic ray intensity over different time scales. Finally, the right panel presents F2
MFDFA,y for the sunspot series. The176

power-law fit for this fluctuation function results in an exponent ky = 1.675 ± 0.050 (for q = 2). The slightly higher177

value of ky compared to kx suggests that the sunspot series exhibits stronger multifractal behavior than the cosmic ray178

series.179

Overall, these results indicate that both individual series and their joint behavior display significant multifractality,180

with consistent scaling properties across different fluctuation orders. The close agreement of the exponents under-181

scores the strong relationship between solar activity and cosmic ray intensity, highlighting the effectiveness of the182

multifractal detrended cross-correlation analysis in capturing these complex dynamics.183

102 103

window size (log n)

10−1

100

101

102

lo
g
F

2 x
y
(n
,q

)

q = 0.5

q = 3.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

102 103

window size (log n)

10−2

10−1

100

101

102
lo

g
F

2 x
(n
,q

)

q = 0.5

q = 1.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

102 103

window size (log n)

10−1

100

101

102

lo
g
F

2 y
(n
,q

)

q = 0.5

q = 3.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

Figure 2: Logarithmic plots of the fluctuation functions log F2
MFDFA,xy (left), log F2

MFDFA,x (middle), and log F2
MFDFA,y (right) as a function of

window size log n. The data points correspond to different fluctuation orders q = [0.5, 1, 2, 3, 4, 5]. The fitted power law F2
MFDFA,a ∼ nka exponents

are kxy = 1.775 ± 0.034, kx = 1.827 ± 0.024, and ky = 1.675 ± 0.050 (for q = 2), indicating significant multifractal behavior in both individual and
joint series.

Figure 3 presents the multifractal cross-correlation coefficients, ρMFDCCA(n, q), calculated for the combined cosmic184

ray and sunspot time series as a function of the window size n. These coefficients were determined using equation (6)185

for various polynomial fitting orders (2, 3, 4, and 5) and fluctuation orders q = [0.5, 1, 2, 3, 4, 5].186

For polynomial order 2 (top-left panel), the cross-correlation coefficient shows a clear increase trend with window187

size n. For small window sizes (n ≤ 600), the coefficients range from 0.75 to 0.85 across different q values. As188

the window size increases, the coefficients converge towards values between 0.85 and 0.95, indicating stronger cor-189

relations at larger scales. The variation across different q values is relatively small, with higher q generally yielding190

slightly higher coefficients.191

Similar behavior is observed in the other panels. For polynomial order 3 (top right panel), there is again a pro-192

nounced increasing trend with window size. For small windows, the coefficients range from 0.70 to 0.85, showing193

more variability than in the polynomial order 2 case. However, for n ≥ 2250, the coefficients stabilize between 0.85194

and 0.95. Differences among q values become more noticeable for medium window sizes (600 to 1700), where higher195

q values tend to yield higher coefficients.196

In the case of polynomial order 4 (bottom-left panel), the trend of increasing cross-correlation coefficients with197

window size is also evident. For small windows, the coefficients vary from 0.70 to 0.85 with noticeable differences198

across q values. As n increases, the coefficients stabilize, typically between 0.80 and 0.90, and show less varia-199

tion. Higher polynomial orders appear to capture more subtle trends, resulting in more consistent coefficients across200

different q values.201

The fluctuation order q also influences these trends. For lower q values (0.5 and 1.0), the coefficients initially202

show more variability for smaller window sizes, but eventually stabilize and converge to higher values as n increases,203

regardless of the polynomial order. Intermediate fluctuation orders (2.0 and 3.0) show relatively stable coefficients204

across window sizes, with coefficients increasing as n increases. Higher fluctuation orders (4.0 and 5.0) consistently205

yield the highest coefficients, especially at larger window sizes, and show reduced variability, indicating that larger-206

scale fluctuations in the data are more strongly correlated.207

In general, the analysis reveals that the multifractal cross-correlation coefficient ρMFDCCA(n, q) increases with208

window size, reflecting stronger correlations at larger temporal scales. Higher polynomial fitting orders (4 and 5)209

provide more stable and typically higher coefficients, while the fluctuation order q modulates how strongly certain210

scales and magnitudes of fluctuations contribute to the correlations.211

The trends observed in Figure 3 reflect how the underlying multifractal cross-correlations between cosmic ray212
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Figure 3: Multifractal cross-correlation coefficients ρMFDCCA(n, q) are shown as a function of window size n for different polynomial fitting orders
(2, 3, 4, and 5) and fluctuation orders q = [0.5, 1, 2, 3, 4, 5]. The coefficients increase with window size, indicating stronger correlations at larger
scales. Higher polynomial orders yield more stable and higher coefficients across all window sizes, while higher fluctuation orders q generally
result in stronger correlations.

intensity and sunspot numbers vary with both the scale (window size) and the way fluctuations are weighted (via213

q) and detrended (via polynomial order). Larger window sizes generally reveal stronger long-range correlations,214

suggesting that at broader temporal scales, the interaction between cosmic ray fluxes and solar activity becomes more215

pronounced.216

The fluctuation order q controls the emphasis placed on different types of fluctuations: lower q-values (e.g., q =217

0.5) highlight smaller, more subtle fluctuations. The fact that, for q = 0.5, the correlation coefficients remain stable218

and nearly unchanged for higher polynomial orders (4 and 5) indicates that the smaller-scale relationships between the219

two time series are robust and less sensitive to how the underlying trend is removed. In other words, when focusing220

on minute variations, a higher polynomial detrending order provides a more consistent baseline, resulting in stable221

correlation values across different scales.222

Physically, these stable correlations at lower q suggest that certain small-scale processes linking cosmic ray in-223

tensity and solar activity are persistent and not significantly affected by the choice of polynomial order or the time224

window considered. At higher q-values, where larger fluctuations carry more weight, the correlation patterns become225

more sensitive to scale, revealing the complexity and multifractality of the processes involved. This interplay between226

scale, fluctuation magnitude, and detrending order highlights the multifaceted nature of solar-terrestrial interactions227

and underscores the importance of carefully selecting parameters when analyzing multifractal correlations in space228

weather time series.229

For the lower polynomial order (e.g., order 2), the dynamic range of the correlation coefficient as a function230

of window size is relatively limited, making it appear less sensitive to changes in scale. Although no additional231

resampling or bootstrapping analyses were performed to quantify uncertainties in detail, previous work and standard232

approaches indicate that the typical uncertainties for correlation coefficients derived from large datasets and stable233

detrending conditions are generally small. While these uncertainties are not explicitly shown here, their expected234

magnitude would not significantly alter the observed qualitative trends.235

The increasing dynamic range of the correlation coefficients when employing higher polynomial orders carries236

physical significance. As more complex trends are removed, subtle, scale-dependent correlation structures emerge237
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more clearly. This suggests that the processes linking cosmic ray intensities and solar activity are inherently multi-238

fractal and become more apparent when simpler, lower-order trends are no longer overshadowing them. In this way,239

the enhanced dynamic range at higher polynomial orders underscores the multifaceted nature of solar-terrestrial inter-240

actions and supports the utility of multifractal detrending techniques for uncovering rich, scale-dependent behavior in241

space weather data.242

Figure 4 presents the behavior of the cross-correlation coefficients ρMFDCCA(Lag, q) for different time lags (in243

days) ranging from -250 to 250. The four panels correspond to polynomial fitting orders of 2, 3, 4, and 5, respectively,244

while the different curves in each panel represent various fluctuation orders (q).245

−50 0 50 100 150 200
Lag (days)

0.76

0.78

0.80

0.82

0.84

0.86

0.88

C
or

r.
C

o
ef

.
ρ
(L
a
g
,q

)

Poly order = 2

q = 0.5

q = 1.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

−50 0 50 100 150 200
Lag (days)

0.76

0.78

0.80

0.82

0.84

0.86

C
or

r.
C

o
ef

.
ρ
(L
a
g
,q

)

Poly order = 3

q = 0.5

q = 1.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

−50 0 50 100 150 200
Lag (days)

0.76

0.78

0.80

0.82

0.84

C
or

r.
C

o
ef

.
ρ
(L
a
g
,q

)

Poly order = 4

q = 0.5

q = 1.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

−50 0 50 100 150 200
Lag (days)

0.74

0.76

0.78

0.80

0.82

0.84

C
or

r.
C

o
ef

.
ρ
(L
a
g
,q

)

Poly order = 5

q = 0.5

q = 1.0

q = 2.0

q = 3.0

q = 4.0

q = 5.0

Figure 4: Multifractal cross-correlation coefficients ρMFDCCA(Lag, q) as a function of time lag (days) for different polynomial fitting orders (2,
3, 4, and 5) and fluctuation orders q. The coefficients exhibit significant variability with time lag, showing distinct peaks where the correlation
is maximized. The lag at which the maximum correlation occurs provides insight into the time delay between cosmic ray intensity and sunspot
numbers.

Across all panels, the cross-correlation coefficients exhibit noticeable variability with time lag, showing distinct246

peaks where the correlation is maximized. For polynomial order 2, the highest correlation occurs for q=0.5 at a lag247

of 137 days, reaching approximately 0.904. The fluctuations in the correlation coefficients around the peak suggest a248

typical uncertainty of approximately ±0.005, as inferred from the variations in the surrounding flat regions. Compared249

to the dynamic range of the coefficients, which spans from about 0.86 in the flatter regions to 0.904 at the peak, this250

level of uncertainty is small and does not significantly impact the interpretation of the observed trends.251

For polynomial order 3, the maximum correlation for q = 0.5 occurs at a lag of 80 days with a coefficient of about252

0.861. The correlation coefficients for other q values peak at varying lags, with q = 5.0 reaching its maximum at a253

lag of 104 days with a coefficient of 0.802. In the case of polynomial order 4, the maximum correlation for q = 0.5 is254

observed at a lag of 77 days with a coefficient of approximately 0.845. The correlation coefficients gradually decrease255

as q increases, with higher q-values (e.g., q=3.0,4.0,5.0) peaking at a lag of 12 days with coefficients close to 0.800.256

For polynomial order 5, the highest correlation for q = 0.5 is found at a lag of 65 days with a coefficient of around257

0.842. The correlation coefficients for other q values show slightly different behavior, with q = 5.0 exhibiting its peak258

correlation at a longer lag of 167 days and a reduced coefficient of 0.775.259

These observations highlight the variability in cross-correlation coefficients across different time lags, polynomial260

orders, and fluctuation orders. The lag at which the maximum correlation occurs provides insight into the time delay261

between cosmic ray intensity and sunspot numbers. The updated summary of the maximum correlation values and262
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their corresponding lag times is presented in Table 1.263

Table 1: Summary of maximum correlation coefficients and corresponding lag times for different fluctuation orders and polynomial fitting orders.
q Poly. Order Lag (days) Max Corr. Coef.

0.5 2 57 0.876
1.0 2 50 0.862
2.0 2 67 0.842
3.0 2 65 0.829
4.0 2 39 0.823
5.0 2 40 0.820
0.5 3 80 0.861
1.0 3 80 0.84
2.0 3 111 0.823
3.0 3 104 0.809
4.0 3 104 0.803
5.0 3 104 0.802
0.5 4 77 0.845
1.0 4 77 0.833
2.0 4 72 0.816
3.0 4 12 0.805
4.0 4 12 0.800
5.0 4 12 0.800
0.5 5 65 0.842
1.0 5 66 0.831
2.0 5 89 0.811
3.0 5 89 0.797
4.0 5 89 0.784
5.0 5 167 0.775

4. Discussion and conclusions264

The results of our multifractal cross-correlation analysis reveal significant insights into the dynamic relationship265

between cosmic ray intensity and sunspot numbers. Our findings indicate strong multifractal correlations across266

different time scales, with varying degrees of correlation depending on the polynomial order and fluctuation order267

used in the analysis.268

These results are consistent with previous studies that have examined the correlation and time lag between cosmic269

ray intensity and solar activity. For instance, [27, 41] observed notable time lags between solar activity and galactic270

cosmic ray intensity, with the correlation peaking at different lags depending on the solar cycle phase. Similarly,271

[42] (also [43, 27]) found significant time delays between cosmic ray flux and solar activity indicators using wavelet272

analysis and cross-correlation methods. Our findings, showing maximum correlations at lags ranging from 5 to 192273

days, align well with these studies, indicating the robustness of our multifractal approach in capturing these complex274

dynamics.275

The highest correlation coefficients observed in our study, particularly for q = 0.5 and polynomial order 2, suggest276

that the interaction between cosmic rays and solar activity is strongest at specific lag times. These results corroborate277

the findings of [26], who reported strong cross-correlations between solar wind parameters and cosmic ray intensity,278

highlighting the multifaceted nature of these interactions over different time scales.279

Moreover, our analysis extends the traditional DCCA by incorporating multifractal properties, providing a more280

nuanced understanding of the time-dependent correlations between these two critical time series. The consistent and281

robust results across different polynomial and fluctuation orders underscore the efficacy of the MFDCCA in elucidating282

the underlying relationships in non-stationary data.283
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Our study contributes to the growing body of literature that seeks to understand the intricate connections between284

solar activity and cosmic ray intensity. The observed time lags and correlation coefficients are in good agreement285

with previous research, reinforcing the significance of multifractal analysis in space weather studies. Future work286

could further explore these relationships by incorporating additional datasets and refining the analytical techniques to287

provide even deeper insights into the multifractal nature of these complex interactions.288

Our findings underscore the importance of utilizing advanced techniques beyond traditional correlation methods289

for analyzing the relationship between cosmic ray intensity and sunspot numbers. Traditional correlation techniques290

often fail to capture the multifractal nature and variability of these time series on different time scales. By employ-291

ing Multifractal Detrended Cross-Correlation Analysis (MFDCCA), we have better characterized the complex and292

multifaceted interactions between these two phenomena. This approach allows for a more nuanced understanding293

of the varying degrees of correlation at different scales, revealing insights that would be overlooked using simpler294

methods. The ability of MFDCCA to account for multifractality is particularly crucial given the non-stationary and295

heterogeneous nature of cosmic ray and solar activity data, which exhibit distinct behaviors over short and long time296

scales.297

Furthermore, we recommend extending this study by incorporating additional heliophysical variables and mea-298

surements. Including parameters such as solar wind conditions, the interplanetary magnetic field, coronal mass ejec-299

tion (CME) indices, and flare indices would provide a more comprehensive view of the influences on cosmic ray300

intensity. These variables play significant roles in modulating cosmic rays and could enhance our understanding of301

the underlying mechanisms driving their variability. By integrating these additional datasets, future studies could302

develop a more robust multifractal model that captures the intricate interactions between cosmic rays and a broader303

range of solar and heliospheric phenomena. This holistic approach would not only validate our current findings but304

also pave the way for more accurate predictions and deeper insights into space weather dynamics.305

In this study, the multifractal cross-correlation coefficient ρMFDCCA(n, q) was calculated using a definition that306

considers the magnitude of the fluctuations, resulting in values ranging between 0 and 1. While this approach ef-307

fectively highlights the strength of the correlations, future work may consider implementing an alternative definition308

that retains the sign of the fluctuations. This would allow the coefficient to range between -1 and 1, capturing both309

the direction and magnitude of the correlation. Given the well-established negative relationship between cosmic ray310

intensity and sunspot numbers, incorporating the sign would provide a more complete characterization of the underly-311

ing interactions. Such refinements could further enhance the interpretability and applicability of multifractal analyses312

in space weather research.313

acknowledgements314

The authors would like to thank the UTB Research Department for its unconditional support in this research.315

While the research has not been funded by any institution or entity, the author is grateful to UTB for the computer316

equipment provided for the development of the research activity and the generation of scientific computing results.317

We gratefully acknowledge the data providers whose contributions have made this research possible. The cosmic318

ray data were obtained from the Neutron Monitor Data Base (NMDB, https://www.nmdb.eu/), with special thanks319

to the OULU station for their high-quality and continuous measurements. We also extend our appreciation to the320

World Data Center SILSO, Royal Observatory of Belgium, Brussels (https://www.sidc.be/SILSO/datafiles),321

for supplying the sunspot number data. These invaluable datasets have been fundamental to our analysis and have322

greatly facilitated the advancement of our understanding of the complex interactions between cosmic ray intensity323

and solar activity.324

References325

[1] L. Del Rio Amador, S. Lovejoy, Long-range forecasting as a past value problem: Untangling correlations and causality with scaling, Geo-326

physical Research Letters 48 (9) (2021) e2020GL092147. doi:https://doi.org/10.1029/2020GL092147.327

[2] L. Kristoufek, Multifractal height cross-correlation analysis: A new method for analyzing long-range cross-correlations, Europhysics Letters328

95 (6) (2011) 68001. doi:https://doi.org/10.1209/0295-5075/95/68001.329

[3] S. Arianos, A. Carbone, Cross-correlation of long-range correlated series, Journal of Statistical Mechanics: Theory and Experiment 2009 (03)330

(2009) P03037. doi:https://doi.org/10.1088/1742-5468/2009/03/P03037.331

10

https://www.nmdb.eu/
https://www.sidc.be/SILSO/datafiles
https://doi.org/https://doi.org/10.1029/2020GL092147
https://doi.org/https://doi.org/10.1209/0295-5075/95/68001
https://doi.org/https://doi.org/10.1088/1742-5468/2009/03/P03037


[4] B. Podobnik, H. E. Stanley, Detrended cross-correlation analysis: A new method for analyzing two nonstationary time series, Physical Review332

Letters 100 (8) (2008) 084102. doi:https://doi.org/10.1103/PhysRevLett.100.084102.333

[5] D. Horvatic, H. E. Stanley, B. Podobnik, Detrended cross-correlation analysis for non-stationary time series with periodic trends, Europhysics334

Letters 94 (1) (2011) 18007. doi:https://doi.org/10.1209/0295-5075/94/18007.335

[6] F. Wang, J. Xu, Q. Fan, Statistical properties of the detrended multiple cross-correlation coefficient, Communications in Nonlinear Science336

and Numerical Simulation 99 (2021) 105781. doi:https://doi.org/10.1016/j.cnsns.2021.105781.337

[7] G. F. Zebende, Dcca cross-correlation coefficient: Quantifying level of cross-correlation, Physica A: Statistical Mechanics and its Applications338

390 (4) (2011) 614–618. doi:https://doi.org/10.1016/j.physa.2010.10.022.339

[8] G. Zebende, A. da Silva Filho, Detrended multiple cross-correlation coefficient, Physica A: Statistical Mechanics and its Applications 510340

(2018) 91–97. doi:https://doi.org/10.1016/j.physa.2018.06.119.341

[9] B. Podobnik, Z.-Q. Jiang, W.-X. Zhou, H. E. Stanley, Statistical tests for power-law cross-correlated processes, Physical Review E 84 (6)342

(2011) 066118. doi:https://doi.org/10.1103/PhysRevE.84.066118.343

[10] P. Ma, D. Li, S. Li, Efficiency and cross-correlation in equity market during global financial crisis: Evidence from china, Physica A: Statistical344

Mechanics and Its Applications 444 (2016) 163–176. doi:https://doi.org/10.1016/j.physa.2015.10.019.345
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