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Abstract: The optimal expansion of AC medium-voltage distribution grids for rural applications is
addressed in this study from a heuristic perspective. The optimal routes of a distribution feeder are
selected by applying the concept of a minimum spanning tree by limiting the number of branches that
are connected to a substation (mixed-integer linear programming formulation). In order to choose
the caliber of the conductors for the selected feeder routes, the maximum expected current that is
absorbed by the loads is calculated, thereby defining the minimum thermal bound of the conductor
caliber. With the topology and the initial selection of the conductors, a tabu search algorithm (TSA) is
implemented to refine the solution with the help of a three-phase power flow simulation in MATLAB
for three different load conditions, i.e., maximum, medium, and minimum consumption with values
of 100%, 60%, and 30%, respectively. This helps in calculating the annual costs of the energy losses
that will be summed with the investment cost in conductors for determining the final costs of the
planning project. Numerical simulations in two test feeders comprising 9 and 25 nodes with one
substation show the effectiveness of the proposed methodology regarding the final grid planning cost;
in addition, the heuristic selection of the calibers using the minimum expected current absorbed by
the loads provides at least 70% of the calibers that are contained in the final solution of the problem.
This demonstrates the importance of using adequate starting points to potentiate metaheuristic
optimizers such as the TSA.

Keywords: distribution system planning; tabu search algorithm; minimum spanning tree; heuristic
optimization methodology; rural distribution networks

1. Introduction

Electrical distribution networks correspond to a portion of the power system in charge
of providing electrical services to residential, commercial, and industrial areas, which are
mainly grouped in urban areas [1]. These grids are operated at medium-voltage and low-
voltage levels and are typically built with radial configuration to minimize the investment
costs; however, this configuration makes these grids produce high power losses (from 6% to
18% in the Colombian context) [2]. This situation is less promising when rural distribution
networks are analyzed owing to the dispersion of the loads in conjunction with low power
consumption [3]. Given that electricity services are conceived as public services around the
world, the regulatory entities managing the electricity market have provided benefits to
distribution companies, such as tax reductions or the inclusion of additional components
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in the energy price formula, to promote covering electrical services to rural areas. The goal
is improving the quality of life of communities located far from urban areas [2].

The problem of optimal expansion planning of electrical distribution is part of mixed-
integer nonlinear programming (MINLP) problems [4]. It includes the optimal selection
of the distribution line routes, the selection of the size (caliber) of the conductors, the
location and size of the existing and new substations, and the grid operative costs during
the planning horizon [5,6]. Multiple optimization approaches have been proposed thus
far to solve the distribution system planning problem; most of these approaches focus on
urban network applications, some of which are briefly summarized next.

In [4], a formulation is proposed to solve the problem of optimal expansion planning
in distribution networks by explicitly imposing the radiality constraint in the formulation.
The resulting MINLP model was solved in the A Mathematical Programming Language
(AMPL) environment by using a test feeder comprising 54 buses. The reported numerical
results satisfy the planning requirements; however, the authors did not compare with other
optimization methodologies based on metaheuristics or exact models, and the optimization
model does not include different caliber options, which reduces the complexity owing to the
reduction in the solution space size. In [7], the authors proposed a combination of a genetic
algorithm with an ant-colony optimizer to plan distribution networks in medium-voltage
applications. The evaluation of the methodology considers different caliber sizes in a small
test feeder comprising 10 nodes; however, no comparison with exact or metaheuristic
approaches was provided to demonstrate the efficiency of the methodology. In [8], the
application of a genetic algorithm was presented to expand medium-voltage distribution
networks. Numerical results were obtained in two test feeders composed of 13 and
30 buses. However, the grid topology is predefined by the utility, which reduces the size of
the solution space and transforms the original distribution system planning problem into a
problem of optimal selection of conductors in the distribution networks. In [6], the authors
presented a multi-objective optimization model to plan distribution networks considering
different objective functions, including investment costs, operating costs, and the level of
non-supplied energy. Numerical results were tested in a distribution network composed of
54 buses; however, the authors considered the single-phase equivalent of the network in the
formulation, and they did not compare with exact or metaheuristic approaches to validate
their proposal. In [9], the authors presented an optimization methodology for planning
distribution networks using a three-phase representation of the network by combining a
genetic algorithm with the tabu search algorithm (TSA). The reported numerical results
demonstrated the efficiency of the TSA approach in determining the set of calibers that
must be assigned to the network once the grid topology is defined through a heuristic
graph generator.

A complete review of the expansion planning problem in distribution networks, where
different optimization methodologies and models are discussed, is presented in [3]. The
authors discuss the inclusion of distributed generation and energy storage technologies in
the context of the classical expansion planning problem. Numerical validation in a 54-bus
system highlights the differences in the final solution plan in which different elements
such as generators or energy storage devices were considered. A general characteristic of
the previous optimization models is the simplification of the distribution system planning
problem with single-phase equivalents. This simplification reduces the complexity of
the optimization problem regarding the evaluation of the power flow problem because
it does not consider possible load and impedance imbalances or loads with single-phase,
two-phase, and three-phase connections, including ∆- and Y- connections [10].

In order to contribute beyond the previous studies available in the literature, we
propose an easily implementable optimization algorithm to plan rural distribution grids
that is composed of three stages and that can be applied to single-phase or three-phase
distribution grids [9]. The first stage solves the problem of route selection by formulating
the problem of minimum spanning tree (linear integer programming model) for minimizing
the total length of the conductors [11,12]. The second stage uses the grid topology found
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in the previous stage to calculate the expected current in all the distribution line routes,
which allows defining the initial calibers of the conductors. The third stage uses the
calibers selected in the previous stage to initialize a TSA in order to determine the optimal
set of calibers of the grid that minimizes the investment costs in conductors with the
costs of energy losses during the planning horizon [13]. The main advantage of this
heuristic procedure is that the initial solution obtained for a rural distribution grid with the
application of the first two stages can be considered as the upper bound of the objective
function, i.e., the maximum admissible grid costs, which implies that the TSA aims to
reduce this function by exploring and exploiting the solution space. The TSA works in
conjunction with a three-phase power-flow method that determines the grid operating
conditions, i.e., the root-mean-square (RMS) of the current in lines and voltages in nodes,
as well as the operative costs regarding the power losses during the planning horizon [10].

The rest of the paper is structured as follows: Section 2 presents the complete mathe-
matical formulation for the problem of optimal expansion planning of electric distribution
networks for rural applications. Section 3 presents the proposed planning methodology
for AC distribution grids with a three-phase structure using the heuristic optimization
procedure based on the three following stages: (i) selection of the grid topology, (ii) se-
lection of initial calibers, and (iii) application of the TSA to refine the selection of the
calibers. Section 4 presents the main characteristics of the test feeder, which is composed of
42 possible routes and 25 nodes including the substation node located at node 1, which will
work with a line-to-line voltage of 13.2 kV. Section 5 presents the main numerical results
achieved with the proposed heuristic planning optimization algorithm and their analysis
and discussion. Section 6 presents the conclusions derived from this study and provides
guidelines for future work.

2. Mathematical Modeling

The problem of optimal expansion of electrical distribution networks for rural ap-
plications can be formulated through a general MINLP model [4] for which its objective
is to determine the optimal routes for feeding the loads, as well as the optimal sizes of
the conductors in these routes [3]. The objective function considers the investments and
operative costs for a year of operation. The complete structure of the mathematical model
is presented below.

2.1. Objective Function

The objective function corresponds to the sum of the investment costs in conductors
and the operative costs caused by power losses, i.e., Acost. The objective function can be
formulated as follows: [9]:

min Acost =

(
ia(1 + ia)

y)

(1 + ia)
y − 1

)
∑

ij∈L

[(
∑
c∈C

C1 + C2 + C3

)
+ C4

]
, (1)

where C1 represents the cost of changing an existing conductor in route ij; C2 represents the
cost of constructing a line in route ij; C3 is the annual cost because of the energy dissipated
by the resistive effect of conductors in route ij; C4 corresponds to the cost of disconnecting
an existing conductor in route ij for leaving it out of service; ia is the discount rate to
transform future values into present ones; ie represents the rate of energy increase; and
y is the number of years considered in the planning horizon. Note that L and C are the
sets that contain all possible distribution line routes and the types of calibers available for
constructing the distribution lines.

The components in (1) have the following structure:

C1 = Lijλ
c
ij

(
1− δc

ij

)
∑
e∈C

CCCeδe
ij, (2)
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C2 = CNCcLijλ
c
ijδ

c
ij

(
1− ∑

e∈C
λe

ij

)
, (3)

C3 = Lij

(
∑
e∈C

δe
ij

)[
∑
t∈T

((
1 + ie

1 + ia

)t

∑
h∈H

CkWh
1000

HhRc
ij,abc ∑

f∈F
‖Ih

ij, f ‖
2

)]
, (4)

C4 = COC

(
1− ∑

c∈C
δc

ij

)(
∑
c∈C

λc
ij

)
, (5)

where Lij is the length of the route that connects nodes i and j; δc
ij is a binary variable that

determines if the caliber type c is selected for route ij; λc
ij is a parameter that determines

whether there is (λc
ij = 1) or there is not (λc

ij = 0) a conductor type c in route ij; CCCe

represents the cost of changing a conductor type e in route ij; CNCc represents the cost
of installing a new conductor with caliber type c in route ij; CkWh represents the cost of
the energy losses; Hh is the duration of the period of time h; Rc

ij,abc is the resistance of

the conductor type c connected in route ij; Ih
ij, f is the RMS value of the current that flows

in route ij at phase f at the period of time h; and COC represents the cost of leaving an
existing conductor out of service. Note that H is the set that contains the lengths of the
periods of time in which a year was divided, F is the set that contains all the phases of the
network, and T corresponds to the set that contains all the years of the planning horizon.
Note that superscripts c and e are related to the caliber types available for installation.

2.2. Set of Constraints

The set of constraints regarding the planning and operation of AC electrical distribu-
tion grids requires the fulfillment of the power balance equations at each node and phase
of the grid, including voltage regulation bounds and element capabilities. The constraints
associated with the studied optimization problem are listed below. The active and reactive
power balance constraints at each node take the following form [14]:

EQu
(

Pd,h
k, f , Qd,h

k, f , Vh
k, f , θh

k, f

)
= 0, ∀{ f ∈ F , h ∈ H, k ∈ N}, (6)

where EQu(·) corresponds to the nonlinear functions associated with the active and reactive
power balances at each node [15]; Pd,h

k, f and Qd,h
k, f are the active and reactive power demand

values associated with node k at phase f in the period of time h; and Vh
k, f is the RMS value

of the voltage at phase f at node k in the period of time h, where the voltage angle is
defined as θh

k, f .
The voltage regulation bounds in all the nodes of the network can be constrained

as follows:

Vmin ≤ Vh
k, f ≤ Vmax, ∀{ f ∈ F , h ∈ H, k ∈ N} (7)

where Vmin and Vmax represent the minimum and maximum voltage bounds, respectively,
allowed for all nodes of the network.

For conductors connected at route ij, it is necessary to revise their thermal bounds
as follows: ∣∣∣Ih

ij, f

∣∣∣ ≤ ∑
c∈C

(
δc

ij + λc
ij

)
Ic,max, ∀{ f ∈ F , h ∈ H, ij ∈ L} (8)

where Ic,max represents the maximum current allowed for a conductor with caliber type c.
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Finally, to simplify the coordination of the protective devices, the topology of the grid
must have a radial configuration, which can be ensured by the following constraint acting
in conjunction with the power balance constraints (6):

∑
ij∈L

∑
c∈C

(
δc

ij + λc
ij

)
= n− s, (9)

where n represents the number of nodes of the grid and s is the number of substations.

Remark 1. Note that the evaluation of the constraints (6) to (8) depends on the solution of a three-
phase power problem, which is addressed in this study by using the matrix-based backward/forward
approach reported in [16] to solve the phase-balancing problem.

3. Heuristic Solution Methodology

The problem of optimal planning of electrical distribution networks is a complex
optimization problem with a MINLP structure (see previous section). This complicates
its numerical solution with exact optimization methodologies [3]. For this reason, we
propose a simple heuristic optimization methodology to address the problem of expansion
planning of electrical distribution networks for rural applications [6]. This strategy can be
used for grid operators to have an initial planning strategy of their grids by considering
the minimum cost investment in conductors and an adequate balance between power-
loss costs during a year of continuous operation. The proposed approach has three main
aspects associated with its implementation: (i) selection of the grid topology; (ii) selection
of the initial conductors’ size; and (iii) optimization of the grid calibers. Each of the
aforementioned steps of the methodology is explained below.

3.1. Selection of the Grid Topology

The selection of the grid topology is essential for evaluating its electrical performance [17],
i.e., voltage regulation, power losses, and loading factor in conductors, among others. To
select the routes where conductors are installed, the classical minimum spanning tree
model is used with the aim of minimizing the total length of the grid for calibers.

The problem of minimum spanning tree can be mathematically formulated as follows [18]:

min z1 = ∑
k∈K

lkxk, (10)

s.t.: ∑
k∈K

Cjkxk ≥ 1, ∀j ∈ V , (11)

∑
k∈K

xk = v− 1, (12)

xk ∈ {0, 1}, k ∈ K. (13)

where z1 is the total length of the network; lk is the length of the route k; xk is the binary
variable associated with the selection of route k (xk = 1) or not (xk = 0); Cjk is the matrix
that relates the route k with vertex j, being Cjk = 1 if vertex j is connected to branch k and
Cjk = 0 otherwise; and v is the number of vertices in the graph. Note that K and V are the
sets that contain all the routes and all the vertices that comprise the graph of the grid.

The mathematical model (10)–(13) has an integer structure, i.e., linear integer program-
ming, which can be exactly solved with the branch and bound method [19] or with the
constructive Kruskal algorithm [11].

In order to exemplify the solution of the proposed model (10)–(13), consider the graph
presented in Figure 1 with the lengths listed in Table 1.
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Figure 1. Possible routes of the distribution test feeder.

Table 1. Lengths for the routes in Figure 1.

Route Length (m) Route Length (m)

1-2 400 3-8 920
1-4 850 3-9 875
1-6 600 4-5 650
2-3 650 5-8 1000
2-4 650 6-7 650
2-7 825 7-8 800
3-5 650 7-9 720

The solution of the optimization model (10)–(13) in the general algebraic modeling
system (GAMS) with the solver CPLEX produces the graph reported in Table 2.

Note that the objective function for this solution is z1 = 5120 m; however, at least
three alternative solutions exist with the same length that can be easily obtained by using
the Kruskal algorithm [11].

When one or more routes are required in the final solution, e.g., the number of routes
connected to the substation, these can be assigned by setting xj = 1 in the optimization
model (10)–(13).

3.2. Selection of the Initial Conductors’ Size

In order to select the initial caliber of the conductors in the distribution test feeder, we
propose a heuristic approach based on the ideal currents absorbed by the loads and the
radial graph obtained after solving the optimization model (10)–(13). The initial sizes of
the conductors are set under the following assumptions:

• All the loads are connected in three-phase form with balanced consumption.
• The ideal currents consumed by the loads are calculated by using the nominal grid

voltage Vnom.
• The current at each line is calculated by adding the currents consumed at the nodes

downstream this line.
• The selection of the conductor size for each line corresponds to the conductor with a

thermal condition that does not exceed the 90% of chargeability.

In order to exemplify the proposed methodology, consider the conductor sizes pre-
sented in Table 2; in addition, let us select node 1 as the substation source with a nominal
voltage of 13.2 kV and the load consumption reported in Table 3.
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Table 2. Possible calibers for a numerical example.

Caliber Current (A) Costs
(USD/km)

Resistance
(Ω/km)

Reactance
(Ω/km)

1 75 1500 0.80 0.50
2 100 2000 0.72 0.45
3 125 2750 0.65 0.40
4 150 3000 0.60 0.40
5 175 3500 0.55 0.36
6 200 4200 0.45 0.32
7 225 4700 0.40 0.28

Table 3. Load consumption for a numerical example (lagging power factor of 0.9).

Node Load (kW) Node Load (kW)

2 850 6 1500
3 750 7 500
4 925 8 850
5 1000 9 1250

In order to calculate the current, the following definition, applicable only to three-
phase balanced systems, is used:

P3ϕ =
√

3VLL IL cos(θ), (14)

IL =
P3ϕ√

3VLL cos(θ)
, (15)

where P3ϕ is the three-phase active power consumption, VLL is the line-to-line voltage, IL
is the line current, and θ is the angle of the power factor.

For the conducted numerical example, the currents calculated for each line and the
caliber selection considered, with a maximum of 90% of loadability, are presented in
Table 4.

Table 4. Ideal current consumption for each route.

(Line) Route Current (A) Caliber Selected (Line) Route Current (A) Caliber Selected

(1) 1-2 171.3097 6 (5) 1-6 199.2538 7
(2) 2-3 36.4489 1 (6) 6-7 126.3561 4
(3) 2-4 93.5521 3 (7) 7-8 41.3087 1
(4) 4-5 48.5985 1 (8) 7-9 60.7481 1

Note that in the case of a test system with unbalanced loads, the current is calculated
per phase and added using phasors when the power factor at each phase is different. The
current of the conductor is selected based on the current flowing in the phase with the
highest load.

3.3. Optimization of the Grid Calibers

In order to evaluate the electrical performance of the initial grid topology, we consid-
ered three main load steps as follows: (i) the system is working under peak-load condition
for 1000 h per year, i.e., 100% of the consumption in all the nodes; (ii) the demand behavior
decreases until 60% of the peak-load condition during 6760 h; and (iii) the system works
with minimum load, i.e., 30% of the peak load, for 1000 h [13]. Note that these percentages
are typically provided by the distribution company as a function of the electrical behavior
of existing grids [20].
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At this stage, in order to optimize the size of the conductors, we propose a metaheuris-
tic optimization approach, TSA, where the decision variables correspond to the caliber type
that will be assigned to each line.

TSA is a metaheuristic optimization approach that explores and exploits the solution
space by starting with an initial point provided by a heuristic algorithm that helps with
the generation of the initial neighborhood using different criteria depending on the op-
timization problem under study [21,22]. The main characteristic of the TSA approach is
that it is a trajectory search algorithm that works with local and global memories to guide
exploration through the solution space, considering that it does not always follow the best
local solution using prohibited so-called tabu movements. This helps reduce the possibility
of getting stuck in local solutions [23].

The main aspects of the TSA for selecting calibers in radial distribution grids are
discussed below [13].

3.3.1. Initial Solution

The TSA works using a trajectory of evolution that begins from an initial solution that
is heuristically generated through constructive algorithms [24]. Here, we consider the con-
figuration of the calibers defined in the previous stage as the initial solution (see Section 3.2).
For the numerical example, the codification used for the TSA has the following structure:

∆t = [1, 5, . . . , c , . . . , 3, . . . 2], (16)

where c is the maximum number of calibers available (see the example in Table 4, where c
is equal to 7). Note that for the numerical example defined in Figure 2, the codification (16)
takes the following form.

∆t = [6, 1, 3, 1, 7, 4, 1, 1] (17)

The integer codification presented in Equation (17) helps with the computational
implementation because, in general, the dimension of the decision vector is equal to the
number of lines (l), i.e., 1× l, while the binary codifications have a high dimension, which
was 1× l · c in the example for binary representation [13].

1 2

6

4

3

7

5

8

9

Figure 2. Possible routes of the distribution test feeder.

3.3.2. Generation of the Neighborhood

The evolution of the TSA is governed by the generation of a neighborhood around the
current solution, i.e., ∆ in Equation (17) [13]. In order to generate this neighborhood, we
apply the following criteria:

X A list with all the possible paths between the end nodes and the substation is created.
Each of these paths is selected in a random manner, with one branch modifying
its caliber; next, all the calibers in this path are revised and changed to ensure the
telescopic condition of the feeder.
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X A list with the nodes that present the worse voltage regulation is formed. For each
of the paths between these nodes and the substation, the caliber of the conductors is
increased to the next value with superior current capability.

X The branch with the lowest loadability factor is selected and its caliber is reduced;
then, all the branches downstream are revised and modified to ensure the telescopic
configuration of the feeder.

X An arbitrary path from the substation of one end node is selected and all the calibers
of this path are assigned to the same caliber; then, the branches that are connected
with this path are revised to ensure the telescopic configuration of the grid.

Note that if the neighborhood built with the aforementioned criteria exceeds the
predefined size k, then the list is reduced to have exactly k neighbors. However, if the size
of the neighborhood is smaller than k, then the TSA works with this list in order to evolve
through the solution space, which implies that the proposed TSA has the ability to work
with a dynamic neighborhood with a size ranging from 2 to k neighbors [9].

3.3.3. Evaluation of the Neighborhood

The TSA implements an optimization metaheuristic strategy with the capability of
exploring solution spaces with some grade of infeasibility. This implies that it works with
a fitness function instead of an objective function. In order to evaluate the fitness function
for each individual in the neighborhood, a three-phase power flow formulation based on
the matrix-based power-flow formulation presented in [16] is used. The proposed fitness
function has the following structure:

Z f =Acost + α1 max
{h,ij, f }

{
0,
∣∣∣Ih

ij, f

∣∣∣− ∑
c∈C

(
δc

ij + λc
ij

)
Ic,max

}
− α2 min

{h,k, f }

{
0, Vh

k, f −Vmin

}
+ α2 max

{h,k, f }

{
0, Vh

k, f −Vmax

}
, (18)

where α1 and α2 are positive constants associated with the penalization regarding the
violations of the current allowed in the conductor assigned to route ij and the violations
of the maximum and minimum voltage regulation bounds, respectively. Note that the
penalization approach adopted in this study corresponds to the differential method because
the values in the fitness function depend on the RMS value of the voltage and current
constraint violation [13]. In addition, when the solution is feasible, the fitness function is
equal to the objective function.

3.3.4. Selection of the Next Solution

In order to select the next solution, i.e., ∆t+1, one of the following criteria is applied:

• In order to select ∆t+1, the best neighbor in the current neighborhood is considered if
it has the a better fitness function than the current solution ∆t. This corresponds to the
application of the criterion in the TSA, known as the aspiration criterion.

• If the aspiration criteria are not fulfilled, the selection of ∆t+1 is associated with
the individual in the neighborhood with less locked tabu attributes; this allows
degradation in the objective function value that, in turn, allows the TSA to escape
from the local optimal solutions in order to explore other promising solution regions.

3.3.5. Computational Implementation of the TSA

In order to summarize the main steps in the implementation of the TSA to select the
subset of optimal calibers for a three-phase grid, Algorithm 1 is presented.
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Algorithm 1: General implementation of the TSA to determine the optimal subset of calibers for all the routes
in a three-phase symmetric distribution grid.

Data: Define the test feeder under study
Define the number of iterations (tmax) and the number of evaluations (ceval) of the TSA;
Select the initial configuration of the calibers;
Define the elite list;
for k = 1 : ceval do

Start the local search number k;
Initialize the local list;
for t = 1 : tmax do

Generate the neighborhood using the criteria listed in Section 3.3.2;
Evaluate the neighborhood using the fitness function (18) through a three-phase power flow (the
triangular-based power flow reported in [10]);

Select the next solution using the criteria listed in Section 3.3.4;
end
Store the best solution contained in the local list in the elite list at position k;

end
Result: Report the best solution in the elite list.

4. Test Feeders

In order to validate the proposed heuristic optimization methodology when it comes to
addressing the problem of optimal design of rural AC distribution networks, the numerical
examples presented in Section 3 and a test feeder composed of 25 nodes and 42 possible
routes were taken into account. Information related to both test feeders is provided below.

4.1. Nine-Bus Test Feeder

This system corresponds to the same 9-bus test feeder employed in Section 3 for
presenting the optimization methodology. This system is used to compare the proposed
optimization methodology with the sine-cosine algorithm (SCA) reported in [25].

4.2. Twenty-Five-Bus Test Feeder

The 25-bus system is a three-phase network composed of 25 nodes and 42 possible
routes to support the projected power consumption in 24 constant power loads. The main
substation was assigned by the utility company; it is located at node 1 with a nominal
line-to-line voltage of 13.2 kV. The electrical configuration of this test feeder is depicted in
Figure 3.

The parametric information of the 25-bus system is summarized in Tables 5 and 6,
which include the projected load consumption and possible feeder routes. In addition, the
relations among the branches and nodes are reported in Table 7.

Table 5. Three-phase apparent power consumption at each node (lagging power factor of 0.90).

Node
Load (kVA)

Node
Load (kVA)

Node
Load (kVA)

Node
Load (kVA)

Node
Load (kVA)

Node
Load (kVA)

2 (625) 3 (400) 4 (250) 5 (250) 6 (125) 7 (250)
8 (250) 9 (625) 10 (400) 11 (250) 12 (400) 13 (250)

14 (250) 15 (250) 16 (375) 17 (200) 18 (100) 19 (250)
20 (100) 21 (150) 22 (100) 23 (200) 24 (250) 25 (75)

Regarding the calibers available for installation in the 25-bus system, we considered
the same list reported for the 9-bus system in Table 2.
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Figure 3. Possible routes of the 25-bus test feeder.

Table 6. Information of the possible feeder routes.

Branch
Length (km)

Branch
Length (km)

Branch
Length (km)

Branch
Length (km)

Branch
Length (km)

Branch
Length (km)

1 (2.10) 2 (1.65) 3 (2.20) 4 (2.00) 5 (1.50) 6 (1.75)
7 (1.75) 8 (1.75) 9 (1.00) 10 (1.00) 11 (1.25) 12 (1.50)
13 (1.75) 14 (2.00) 15 (2.00) 16 (1.75) 17 (1.25) 18 (1.75)
19 (1.75) 20 (2.75) 21 (1.75) 22 (1.50) 23 (1.05) 24 (0.75)
25 (1.05) 26 (1.00) 27 (1.50) 28 (0.75) 29 (1.25) 30 (1.55)
31 (1.00) 32 (0.75) 33 (0.75) 34 (0.50) 35 (0.50) 36 (1.05)
37 (0.50) 38 (0.65) 39 (0.75) 40 (0.45) 41 (0.50) 42 (0.40)

Table 7. Relation among branches and nodes.

Branch
Nodes

Branch
Nodes

Branch
Nodes

Branch
Nodes

Branch
Nodes

Branch
Nodes

1 (1-2) 2 (1-3) 3 (1-4) 4 (2-5) 5 (2-6) 6 (3-6)
7 (3-7) 8 (4-7) 9 (4-8) 10 (4-12) 11 (5-9) 12 (6-9)

13 (6-10) 14 (7-10) 15 (7-11) 16 (7-8) 17 (9-15) 18 (9-10)
19 (10-14) 20 (10-13) 21 (11-13) 22 (1-16) 23 (2-16) 24 (16-17)
25 (2-17) 26 (5-17) 27 (17-18) 28 (5-18) 29 (15-18) 30 (1-19)
31 (4-19) 32 (19-20) 33 (12-20) 34 (12-21) 35 (21-22) 36 (8-23)

37 (11-23) 38 (8-22) 39 (3-24) 40 (9-25) 41 (14-25) 42 (4-24)

5. Computational Implementation

In this section, all computational validations of the proposed heuristic optimization
method for expanding electric distribution networks in rural zones are presented. These
validations were carried out on a personal computer with AMD Ryzen 7 3700U, 2.3 GHz,
16-GB RAM, and with 64-bit Windows 10 Home Single Language using the MATLAB
programming environment. Comparative analyses with the SCA were performed in order
to validate the efficiency of the proposed approach. Each algorithm was evaluated through
10 repetitions with 100 iterations. The cost of energy losses considered in this study is
USD/kWh 0.1390; this value was taken from Colombian utility in Bogotá city [26]. In
addition, the unitary cost of the calibers considered for both test feeders are listed in Table 2.
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5.1. Nine-Bus System

Next, we present the numerical results for the 9-bus system, both without and with
the initial solution reported in Table 4 for the proposed TSA and the SCA.

The numerical results in Table 8 show that (i) the TSA has a better numerical per-
formance than the SCA because, for both simulation cases, it finds better numerical solu-
tions. When the initial solution is not considered, the TSA method obtains a final cost of
USD 83,063.2614, i.e., USD 1863.7332 less than the SCA; when the initial solution based on
the initial currents reported in Table 4 is considered, the TSA method finds a total cost of
USD 81,117.2797, i.e., USD 1142.5543 less than the SCA. The (ii) SCA becomes stuck in the
local optimum provided by the proposed heuristic methodology because the initial solution
in Table 4 is the same as that obtained by this algorithm; this situation occurs because the
SCA uses the modifications of all individuals as part of its evolution criteria based on the
current and best solutions, thereby introducing large jumps through the solution space that
hinders the exploration of promising solutions. The (iii) total processing time presented by
the TSA is at least 50% better than the time reported by the SCA, which is important be-
cause the solution space in this optimization problem is cb (where c is the number of caliber
options and b the number of branches). This amounts to 5,764,801 possible combinations,
which implies that the TSA explores and exploits the solution space more efficiently than
the SCA.

Table 8. Numerical results for the 9-bus system.

Method Type of Calibers Cost of Calibers
(USD)

Cost of Losses
(USD) Acost (USD) Time (s)

Without initial condition

TSA {6, 2, 2, 2, 7, 4, 1, 1} 45,173.2614 37,890 83,063.2614 12.20
SCA {5, 2, 2, 1, 7, 6, 2, 2} 44,231.9946 40,695 84,926.9946 28.73

With initial condition

Ini. Cond. {6, 1, 3, 1, 7, 4, 1, 1} 44,857.3340 37,402.50 82,259.8340 —

TSA {7, 1, 2, 1, 7, 4, 1, 1} 44,577.2797 36,540 81,117.2797 14.35
SCA {6, 1, 3, 1, 7, 4, 1, 1} 44,857.3340 37,402.50 82,259.8340 28.76

According to these results for the SCA and the demonstration that the TSA achieves
better numerical performance in terms of objective function value and processing time,
only the results of the proposed methodology will be discussed from this point on.

One of the additional grid configurations for the 9-bus system with the same length
was also tested with the proposed TSA to show that the assignment of the initial set
of calibers is indeed a good initial starting point for addressing the problem of optimal
assignment of the calibers in three-phase networks. The electrical interconnection for this
alternative topology is depicted in Figure 4.

The ideal current consumption for this topology is presented in Table 9 using the
methodology proposed in Section 3. The currents in lines five to eight remain unaltered
because the solution reported in Figures 2 and 4 are identical for this part of the graph.

Table 9. Ideal current consumption of each route in the alternative solution for the 9-bus system.

(Line) Route Current (A) Caliber Selected (Line) Route Current (A) Caliber Selected

(1) 1-2 171.3097 6 (5) 1-6 199.2538 7
(2) 2-3 85.0474 2 (6) 6-7 126.3561 4
(3) 2-4 44.9536 1 (7) 7-8 41.3087 1
(4) 3-5 48.5985 1 (8) 7-9 60.7481 1
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Figure 4. An alternative solution for the 9-bus system regarding optimal routes.

The numerical results obtained from the TSA for this new configuration of the 9-bus
system are presented in Table 10. These results demonstrate that (i) the TSA without
the initial configuration provided by the proposed methodology outputs a total cost of
USD 82,530.0346, i.e., a solution with an additional cost of USD 1661.5465 when compared
with the initial solution provided by the proposed heuristic algorithm; (ii) when the initial
solution is used as the starting point of the TSA, the final cost reported by this algorithm is
approximately USD 80,581.0708, i.e., an additional profit of USD 287.4173; and (iii) the final
solution reported by the TSA only differs in route one with respect to the initial solution by
increasing the caliber from six to seven, which increases the investment cost in conductors
by approximately USD 600 and reduces the cost of the energy losses by approximately
USD 887.4173, thereby confirming the additional profit of USD 287.4173.

Table 10. Numerical results for the 9-bus system with the alternative configuration.

Method Type of Calibers Cost of Calibers (USD) Cost of Losses (USD) Acost (USD) Time (s)

Without initial condition

TSA {7, 2, 1, 1, 7, 5, 2, 2} 42,735.0346 39,795 82,530.0346 12.13

With initial condition

Ini. Cond. {6, 2, 1, 1, 7, 4, 1, 1} 44,928.4881 35,940 80,868.4881 —

TSA {7, 2, 1, 1, 7, 4, 1, 1} 44,041.0708 36,540 80,581.0708 14.41

The numerical results in Tables 8 and 10 confirm the effectiveness of the proposed
optimization methodology when the initial starting point (ideal currents) is used to start
the exploration of the solution space. This is because, for the 10 evaluations of the TSA
presented, the same optimal solution is achieved, which means an efficiency of 100% in
contrast with efficiencies below 30% when the starting point was not used.

The remaining possible solutions for the 9-bus test feeder present higher investment
costs because all the loads are connected consecutively without any derivation, which
increases the calibers necessary to meet the total demand.

5.2. Twenty-Five-Bus System

When the optimization methodology is applied to the 25-bus system with the 42 possible
routes depicted in Figure 3, the optimal solution presents a minimum length of 23.65 km,
which produces the final topology shown in Figure 5.

When the initial configuration of the calibers is assigned as the initial starting point
of the TSA, the numerical results in Table 11 are obtained. This table presents the initial
solution, as well as the minimum and maximum solutions after 100 consecutive evaluations.
The average processing time in this simulation was approximately 64.62 s per evaluation.
The active lines for this system are presented below.
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Figure 5. Selection of optimal routes for the 25-bus test feeder.

Table 11. Numerical results for the 25-bus system.

Method Type of Calibers Cost of Calibers (USD) Cost of Losses (USD) Acost (USD)

Ini. Cond.
{

1, 1, 1, 1, 1, 5, 4, 3, 3, 1, 1, 5
1, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1

}
138,445.8843 138,262.50 276,708.3843

Sol. 1 (min)
{

1, 1, 1, 1, 1, 7, 7, 6, 2, 1, 1, 5
1, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1

}
120,127.5108 150,030 270,157.5108

Sol. 2 (max)
{

1, 2, 1, 1, 1, 7, 7, 5, 2, 1, 1, 5
1, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1

}
120,767.4154 150,330 271,097.4154

The numerical results in Table 11 show that (i) the best solution reported by the TSA
has a total cost of USD 270,157.5108, which implies a reduction with respect to the initial
condition of approximately 2.37%, i.e., a gain of 6550.8734 dollars; (ii) the worst solution
from the TSA presents a total cost of US$ 271,097.4154, which corresponds to a difference of
USD 5610.9688 with respect to the initial condition, i.e., 2.03%; (iii) the differences among
calibers in the best and worst solutions are located only in two branches, namely 11 and 25.
This means a decrease in only one digit with respect to solutions one and two.

The main characteristic of both the optimal solution (i.e., solution one) and the starting
point obtained by the heuristic algorithm (i.e., the initial condition) is that 20 routes
remain with the same caliber and only four routes increase their calibers from {5, 4, 3, 3} to
{7, 7, 6, 2} in lines {22, 23, 25, 26}. This implies that the heuristic algorithm contributes with
83.33% of the optimal solution, confirming the effectiveness of choosing a good starting
point in the process of finding an optimal solution. In addition, the output of the TSA
presents small variations among the extreme solutions, i.e., solutions one and two, after
100 consecutive iterations, with a difference smaller than 0.34%. This also confirms that the
starting point is indeed an adequate solution for the problem addressed in this study, and it
can be improved with efficient optimization algorithms such as the TSA hereby presented.
Note that the standard deviation obtained by the TSA for the results reported in Table 11
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is USD 270.9677. This implies that all the solutions are concentrated around the central
solution, i.e., USD 270,648.1615, which is the minimum value reported by solution one and
the maximum value reported by solution two.

Figure 6 presents the voltage behavior of phase a (remember that the 25-bus system is
symmetric) for all the solutions reported in Table 11.
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Figure 6. Voltage profiles in phase a for all the solutions reported in Table 11.

The behavior of the voltage profile in Figure 6 shows that the minimum voltage values
for solutions one and two occur at node 13, which is one of the end nodes of the network,
with an RMS voltage of 0.9404 pu, as depicted in Figure 5. This result demonstrates that
the regulation of the planned rural distribution network is less than or equal to 6%, with 16
of the 25 nodes with voltage regulations lower or equal to 5%.

Next, we present an additional configuration for the 25-bus system in which the
minimum length of the network is also 23.65 km, i.e., an alternative optimal solution for
the MIP model (10)–(13). According to the electrical configurations in Figures 5 and 7,
21 lines remain unaltered in both configurations, and only three routes suffer variations:
8-7→ 3-7, 9-10→ 6-10, and 15-18→ 9-15. The active lines in this alternative topology are
listed below.

Active lines→
{

5, 7, 9, 11, 13, 17, 21, 22, 23, 24, 26, 28, 30
32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42

}
When the TSA is applied to determine the optimal set of calibers for the alternative

grid topology presented in Figure 7, the results presented in Table 12 are obtained.

Table 12. Numerical results for the alternative 25-bus system.

Method Type of Calibers Cost of Calibers (USD) Cost of Losses (USD) Acost (USD)

Ini. Cond.
{

1, 1, 1, 1, 1, 1, 1, 5, 1, 2, 2, 1
5, 4, 4, 3, 3, 1, 1, 3, 1, 1, 1, 1

}
143,217.1922 140,287.50 283,504.6922

Sol. 1 (min)
{

1, 1, 1, 1, 1, 1, 1, 5, 1, 2, 2, 2
7, 7, 7, 4, 4, 1, 1, 4, 1, 1, 1, 1

}
122,990.0448 154,755 277,745.0448

Sol. 2 (max)
{

1, 1, 1, 1, 1, 1, 1, 7, 1, 2, 2, 1
5, 4, 4, 3, 3, 1, 1, 3, 1, 1, 1, 1

}
133,997.6245 145,687.50 279,685.1245

The numerical results in Table 12 show that (i) the standard deviation among the
100 solutions obtained from the TSA is USD 640.2125, with a minimum value of
USD 277,745.0448 given by solution one, a maximum value of USD 279,685.1245 defined
by solution two, and a mean value of USD 278,987.2741; (ii) these numerical results demon-
strate that for all of the consecutive evaluations, the TSA improves the initial configuration
given by the ideal currents by at least USD 3819.5677 (see solution one); (iii) the difference
among the best and worst solutions is approximately USD 1940.0797, which is caused by
the increment in the cost of the energy losses defined by solution two resulting from the
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reduction in the investment in the calibers of the conductors; and (iv) a total of 17 lines re-
main with the same caliber of the initial condition for solution one, i.e., the initial condition
provides 70.83% of the configuration reported by solution one; this percentage increases
to 95.83% when solution two is analyzed because only one branch changes its caliber (see
branch 22).
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Figure 7. Alternative solution for routes of the 25-bus test feeder.

Figure 8 shows the voltage behavior of phase a (remember that the 25-bus system is
symmetric) for all the solutions reported in Table 12.

The behavior of the voltage profiles in Figure 8 shows that (i) the initial configuration
and solution two are superposed in all the minimum peaks, which is an expected behavior
because only one caliber changed between both configurations; (ii) the best solution
(solution one) presents a minimum value of 0.9379 pu at node 7, which corresponds
to a final node in the grid configuration presented in Figure 7; and (iii) 95.83% of the nodes
in solution one presents a voltage regulation lower or equal to 6%, which is reduced to
83.33% when the regulation bound is considered as 5%.
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Figure 8. Voltage profiles in phase a for all the solutions reported in Table 12.



Energies 2021, 14, 5141 17 of 20

Comparing the possible electrical configurations for the 25-bus system in Figures 5 and 7
based on the numerical results presented in Tables 11 and 12, the following observations
can be made:

X All the solutions (without the starting points) produce annual costs between
USD 270,157.5108 and USD 279,685.1245, which implies a difference of USD 9527.6136,
i.e., 3.41%, using solution two presented in Table 12 as the base.

X The initial configurations obtained by using the ideal current consumption provide
at least 70% of the optimal solution for both configurations. This demonstrates the
effectiveness of the constructive algorithm to provide an adequate starting point to
the TSA that allows improving it with small processing times, less than 70 s, in all the
consecutive evaluations.

X The behavior of the voltage profiles in both configurations confirms that the worst
voltage regulation always occur in one of the ending nodes, while a maximum of 7%
is achieved in all the results obtained for both configurations.

6. Conclusions and Future Work

The problem of optimal design of rural AC distribution networks was addressed
in this study from a heuristic point of view. A mixed-integer programming model was
used as a first step to define the best grid configuration considering the minimization
of the total length of the conductors that will be required to cover all the loads with a
radial configuration as the objective. The second stage makes use of the ideal current
consumption per node assuming ideal voltage profiles to assign the initial calibers of the
conductors. This provides a feasible solution to the planning problem that is refined by the
application of a specialized TSA that improves the ideal solution by reducing the total grid
costs. Numerical results demonstrate that in all the simulation cases, the initial solution
provided by the heuristic algorithm is improved by the TSA; however, the final solution
contains more than 70% of the calibers provided by the ideal current calculation, which
confirms the efficiency of the proposed heuristic algorithm for providing an adequate
initialization of the metaheuristic optimizer.

Comparison with the SCA for the 9-bus system demonstrates that the TSA presents
a better numerical performance for solving the problem of optimal caliber selection in
three-phase networks because its exploration steps produce soft movements through the
solution space. This is not possible with the SCA, which introduces large jumps during the
solution space exploration. This hinders finding good solutions to the targeted problem.
In addition, the processing time of the TSA was at least 50% better than that of the SCA,
which makes the former more attractive when the size of the solution space increases.

Different grid configurations with the same length were explored in both test feeders.
The final objective function of the optimization plan presents small variations, which
implies that it is necessary for the expert knowledge of the utility companies to obtain the
best optimization plan as a function of their requirements and budget availability. However,
the proposed heuristic optimization algorithm can be used as an initial step to evaluate the
technical and economic feasibility of the possible grid expansion plans.

In future work, it will be possible to (i) implement an efficient optimization technique
to generate grid configurations that provide better global optimization results in terms of
the final costs of the plan; (ii) to apply different optimization techniques based on recently
developed metaheuristics to obtain a subset of calibers for the distribution grid; and (iii) to
reformulate the problem of the optimal selection of calibers in three-phase networks as a
mixed-integer convex model that ensures finding the global optimum.
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Nomenclature

α1
Positive constant associated with the violation of the current flow in the lines of
the network USD/A

α2
Positive constant associated with the violation of the voltages in the nodes of the
network USD/V

Lij Length of the route that connects nodes i and j (km)
δc

ij Binary variable that determines if the caliber type c is selected for route ij

λc
ij

Binary parameter that determines if there is or there is not a conductor type c in
route ij

CCCe Cost of changing a conductor type e in route ij (USD)
CNCc Cost of installing a new conductor type e in route ij (USD)
ia Interest rate to transform future values into net present values (%)
ia Interest rate associated with the increments in energy costs (%)
CkWh Cost of the energy losses (USD/kWh)
Hh Duration of the period of time h (h)
Rc

ij,abc Resistance of the conductor type c connected in route ij (Ω)

Ih
ij, f

RMS value of the current that flows in the route ij at phase f in the period of
time h (A)

COC Cost of leaving an existing conductor out of service (USD)
H Set that contains the lengths of the periods of time in which a year was divided
T Set that contains all the years of the planning horizon
F Set that contains all the phases of the grid
C1 Represents the cost of changing an existing conductor in route ij (USD)
C2 Represents the cost of constructing a line in route ij (USD)

C3
Represents the annual cost because of the energy dissipated by the resistive
effect of conductors in route ij (USD)

C4
Corresponds to the cost of disconnecting an existing conductor in route ij to
leave it out of service (USD)

L Denotes a set that contains all the possible routes in the distribution system
graph

C Denotes a set that contains all the conductors’ calibers available for installation
y Number of years considered in the planning horizon

EQu(·) Nonlinear functions associated with the active and reactive power balances at
each node

Pd,h
k, f

Active power demand values associated with node k at phase f in the period of
time h (W)
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Qd,h
k, f

Reactive power demand values associated with node k at phase f in the period
of time h (var)

Vh
k, f RMS value of the voltage at phase f at node k in the period of time h (V)

θh
k, f Angle of the voltage at phase f at node k in the period of time h (rad)

Vmin Minimum voltage regulation bound allowed for all nodes of the grid (V)
Vmax Maximum voltage regulation bound allowed for all nodes of the grid (V)
Ic,max Maximum current bound allowed for a conductor with caliber type c (A)
n Number of nodes of the network
s Number of substations of the network
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