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ARTICLE INFO ABSTRACT

Keywords: The replenishment size/production lot size problem both for perfect and imperfect quality
Inventory products studied in this paper is motivated by the optimal strategy in a three layer supply
Defective chain consisting of multiple suppliers, manufacturers and retailers. In this model, each
Supply chain

manufacturer produces each product with a combination of several raw materials which
are supplied by each supplier. The defective products at suppliers and manufacturers are
sent back to the respective upstream members at lower price than the respective purchas-
ing price. Finally, the expected average profits of suppliers, manufacturers and retailers are
formulated by trading off set up costs, purchasing costs, screening costs, production costs,
inventory costs and selling prices. The objective of this chain is to compare between the
collaborating system and Stakelberg game structure so that the expected average profit
of the chain is maximized. In a numerical illustration, the optimal solution of the collabo-
rating system shows a better optimal solution than the approach by Stakelberg.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

The industrial engineers and practitioners have accepted the application of just-in-time (JIT) philosophy in manufacturing
systems because it improves product quality and productivity through minimize waste from all operations. They suggested
that frequent shipment of purchased raw materials and manufacturing small lots could eliminate waste. Quite often, small
lots generate higher productivity through high quality of the products, lower levels of inventory and scrap. The classical eco-
nomic order quantity/production quantity models are developed for perfect quality items only. In practice, all items are not
perfect quality. Inspection/screening process is the method that is used to separate the acceptable/perfect quality of the
products from whole lot. At the end of screening process, the imperfect/defective items are sold at a lower price or reworked
at cost or returned to the suppliers who are charged the transportation and handling cost or disposal cost. Several research-
ers have enlightened on this field. Among them, some noteworthy research articles are mentioned as follows. Zhang and Ger-
chak [31] investigated an EOQ (Economic Order Quantity) model for joint lot sizing and inspection policy with random
proportion of defective items. They obtained an optimal order quantity and inspection fraction by considering the case
where the defective units could not be used and thus might be replaced by non-defective ones. Liu and Yang [19] developed
a single stage production system in which two types of defective items, rework able defects and non-rework able defects, are
produced. They found an optimal lot size by maximizing the expected profit over the expected production cycle length.
Salameh and Jaber [21] studied an EOQ/EPQ model for imperfect quality products assuming 100% inspection policy. In this
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model, the defective items are sold, as a single batch, to the secondary shop at the end of screening process. Cirdenas-Barrén
[1] drew an observation on economic production quantity model both for imperfect and perfect quality products. Goyal and
Cardenas-Barrén [15] found a simple approach to evaluate the EOQ while a random proportion of the whole products were
defective. Chan et al. [12] generalized the model of Salameh and Jaber [21], assuming that the defective items could be re-
worked instantly, could be rejected at a cost or sold at a lower price. Chiu [13] determined an optimal lot size and backlog-
ging for an imperfect production system where random defective items were reworked at a cost. Jamal et al. [16] developed
an inventory model dealt with optimum batch size in which rework was done by assuming two different operational policies
to minimize the total system costs. The first policy considered that the defective products were reworked within the same
production cycle, whereas the defective products were reworked after N-cycle, in the 2nd policy. Papachristos and Konstant-
aras [20] revisited and extended the papers of Salameh and Jaber [21] and Chan et al. [12] considering the timing of with-
drawing the imperfect quality items from stock. Konstantaras et al. [17] proposed a joint lot sizing inventory model for
imperfect quality products. In their model, two options of the defective products are proposed: one is to sell them at a price
lower than the unit purchasing price, second is to rework them to acceptable quality. Cardenas-Barrén [2] corrected the solu-
tions of two numerical examples present by Jamal et al. [16]. Cardenas-Barron [4] corrected the solutions of the model of
Jamal et al. [16] where main idea and contribution of the pare were not affected. Cardenas-Barron [5] proposed the EPQ (eco-
nomic production quantity) model with planned backorders for determining the production lot size and backorder size in an
imperfect production system while all defective items were reworked in the same cycle. Sarkar [23] investigated an eco-
nomic manufacturing quantity (EMQ) model for price and advertising sensitive demand in an imperfect production process
under the effect of inflation. Konstantaras et al. [ 18] studied an economic quantity model with shortages for conforming and
non-conforming quality products in the light of learning opportunities in logistics and inventory systems. Sarkar and Sarkar
[24] proposed an economic manufacturing quantity model for exponential demand with deterioration in a production sys-
tem over a finite time horizon under the effect of inflation and time value of money.

In recent years, many industries have been involved in various forms of supply chain collaboration in order to survive
increasing competition in oligopoly marketing environment. It has been observed that a company can increase its market
share by collaborating with other partners of the channel. All steps, from supply raw materials to finished product and
end customers, are included into a supply chain. Supply chain coordination ensures better supply chain performance in
terms of cost, quantity discount, timely supply, buyback/return policies, quantity flexibility, ordering size and commitment
of purchase quantity, etc. Goyal and Gunasekharan [14] discussed a multi-stage production system in order to determine the
optimal EPQ (economic production quantity) and EOQ (economic order quantity) for raw materials considering the effect of
different marketing policies. Wang and Gerchak [30] developed a collaborating system of two-echelon channel with an ini-
tial stock dependent demand. They assumed the case of single manufacturer who offers a product to a retailer at the whole
sale price. Zhou et al. [32] investigated the coordination issues of decentralization of two-echelon supply chain, involving
stock-dependent demand of the retailer. Sana [22] proposed three layer supply chain involving single supplier, single man-
ufacturer and single retailer who are responsible to satisfy the end customers’ demand. Cardenas-Barrén et al. [10], Carde-
nas-Barrén et al. [11] studied an economic manufacturing quantity (EMQ) model with rework and multiple shipments to
derive the optimal replenishment lot size and optimal number of shipments jointly. Recently, several researchers [3,6—
9,27-29] have enlightened the enormous efforts of supply chain mechanism in order to optimize profit/cost of the supply
chain from different perspectives.

In the proposed model, the authors extend a three layer supply chain model for multiple products, consisting of multiple
suppliers, multiple manufacturers and multiple retailers as channel members. Each product is manufactured by combination
of several raw materials which are delivered by each supplier to each manufacturer. Each manufacturer produces all types of
products. Each retailer satisfies the demand of all type of products which are received from each manufacturer at a percent of
their requirements. Finally, average profits of all members of the chain are formulated by considering the selling prices, set
up costs at different stages, inventory costs, screening costs in order to find out optimal order/production quantity. The cen-
tralized and decentralized (Stakelberg approach) are discussed analytically as well as numerically.

The rest of the article is organized as follows. Fundamental assumptions and notations are adopted in Section 2. Section 3
formulates the proposed model. Numerical example is illustrated in Section 4. Section 5 concludes the achievements of the
article.

2. Fundamental assumptions and notations

The following assumptions and notations are used to develop the model.
2.1. Assumptions

The following assumptions for suppliers, manufacturers and retailers are considered to analyze the model:
2.1.1. At supplier

s.1: There are multiple suppliers (s).
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s.2: The raw material is stored by suppliers.

s.3: Lead time is negligible.

s.4: Suppliers’ delivery rates are considered as same as production rates of manufacturers which are assumed as expected
value s of their distributions.

s.5: Defective items at each level are returned/bought back at a price to the places from where these were purchased, after
completion of whole screening process.

s.6: Setup/installation costs for each member of the chain are different due to different configuration.

2.1.2. At manufacturer

m.1: There are multiple manufacturers and each manufacturer produces every item.

m.2: The manufacturers of the composite products store materials and components and finished products.
m.3: Lead time is negligible.

m.4: Defective items at each level are sold at lower price than the price of good items.

m.5: The unit production cost is a function of the production rate.

2.1.3. At retailer

r.1: There are multiple retailers (r)

r.2: Lead time is neglected.

r.3: Customers’ demand rates are assumed to be expected values of the distribution functions.

r.4: All items are good at retailers.

r.5: Setup/installation costs for each member of the chain are different due to different configuration.

2.2. Notation

s — denotes the suppliers, s € {1, 2,3, ...S}.

j - denotes the types of items, j € {1, 2,3, .. j}.

i - denotes raw material references.

l; - denotes numbers of raw materials, [; € {1, 2,3, .. .n}.

m - denotes the manufacturer, m € {1, 2,3, .. M}

r - denotes the retailers, r€ {1, 2, 3, .. .R}.

TS;s: — cycle length for the Sth supplier for the ith raw material of jth product.

PS;; — Sth supplier faces the rate of demand from the manufacturer for ith raw material.
ojse — expected percent of defective items at supplier (s) of ith raw material for jth product.
1S5 — screening rate per unit time at supplier s for the ith raw material of jth product.

Cs;si — screening cost per unit item at supplier s for the ith raw material of jth product.
ASjsi — set up/installation cost of supplier s for the ith raw material of jth product.

hS;si — holding cost per unit per unit time at supplier s for the ith raw material of jth product.
PC;s; — purchasing cost per unit item of supplier s for the ith raw material of jth product .
WS;si — selling price per unit good item at supplier s for the ith raw material of jth product.
WS;s: — selling price per unit defective item of supplier (s) for the ith raw material of jth product.
TM,j — cycle length of the mth manufacturer for the jth product.

Py, - production rate of the mth manufacturer for the jth product.

TPM,,; — production run-time of the mth manufacturer for the jth product.

Bm; — expected percentage of defective items at manufacturer (m) of jth item.

AM,,; - set up/installation cost of manufacturer (m) for the jth product.

hM; - holding cost per unit per unit time at manufacturer m for the jth product.

Ly; - labor/energy cost at mth manufacturer for the jth product.

dmj — fixed cost per unit finished product at manufacturer m for the jth product.

Vm — tool/die cost per unit finished product at manufacturer m for the jth product.

WM, - selling price per unit good item of manufacturer (m) for the jth product.

WM,,; - selling price per unit defective item of manufacturer (m) for the jth product.
rSM,; - rate of screening of jth product by mth manufacturer.

SM,j — screening cost per unit item at manufacturer (m) for the jth product.

TR;; - cycle length for the rth retailer for the jth product.

TRc,; - time of collecting jth product from manufacturer by the rth retailer.

DR;; - demand rate of retailer r for the jth product.

DC;; - demand rate of the jth product by the customers at the rth retailer.

AR,; - set up/installation cost of retailer (r) for the jth product.

hR,; - holding cost per unit per unit time at retailer (r) for the jth product.
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WR,; - selling price per unit good item at retailer (r) of the jth product.

Rjsi - replenishment lot size of supplier (s) of the ith raw material of jth product.
QS;;(t) - on hand inventory at supplier (s) for the ith raw material of jth product.
APSj; — average profit of supplier (s) for the ith raw material of jth product.
EAPS - expected average profit of supplier s for all raw materials.

QM,;(t) - on hand inventory items at manufacturer (m) for the jth product.
APM,j — average profit of manufacturer (m) for the jth product.

EAPM - expected average profit of manufacturer (m) for the jth product.

QR,;(t) - on hand inventory at retailer (r) for the jth product.

APR;; - average profit of retailer () for the jth product.

EAPR - expected average profit of retailer (r) for the jth product.

EAPC - expected average profit of the collaborating system.

3. Formulation of the model

We consider a multi-echelon, multiple products with multiple suppliers, manufacturers and retailers (Fig. 1) who are the
members of the supply chain. A percent (o) of the raw materials i€ {1,2,...];} of the jth product at supplier
s€{1,2,3,...5} is perfect (good item) and the rest (1 — ;) percent of the raw material are imperfect (defective) which
are sent back to the places where it was purchased. Each raw material of j € {1,2,3,...J} products are supplied by each sup-
plier to each manufacturer at a rate PSj;. The manufacturer m € {1,2,3,... M} produces multiple products at a percentage
(0 < gjsi < 1) combination of materials i.e., the production rate at manufacturer (m) of jth item is

s i
PMy; = Ziejsipsjsi

s=1 i=1

s b
such that > "cjq =1Vj € {1,2,3,... J} and €iPyi = jaPia Vi # k € ;. 1)
s=1i=1
If the demand rate of jth product at the rth retailer (r € {1,2,3,...R}) is DRy, then the rate of order size from mth man-
ufacturer is 0,,;DR,; where (0 < 0,; < 1) and M 0, = 1vr € {1,2,3,...R}&j € {1,2,3,...J}. The expected demand rate of
jth product at the retailer (r) in the market is DC;;. Now, we shall formulate the average profit of suppliers, manufacturers and
retailers as follows:

Customers

-
II
2 - [LEEE.

Manufacturer

Suppliers Manufacturers Retailers Customers

T ¥ ¥ Y ' ¥

Fig. 1. Diagram of the chain.
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3.1. Suppliers’ individual average profit

There are S numbered suppliers. Each of them provides various types of materials to each member of the manufacturer.
The sth supplier orders quantity R;; of ith raw material for jth product. Let QS;;(t) is on hand inventory of good raw materials
and TS;;; is cycle length of raw material of jth product at supplier (s). After inspection of the materials, the defective raw
materials are sold or sent back to the respective supplier at a price per unit WSN and good materials are sold by the man-
ufacturer at price WSj; per unit item. Therefore, the on hand inventory of supplier (s) of ith raw material for jth product is

QS;si(t) = (1 — oysi)Rjsi — PSjsit 0 <t < TSV (7, 8, ). (2)
Using the boundary conditions QS;(TS;si) = 0, we have
o (] — OCij)sti . .
TS5 = PS;i vus )
The average inventory cost of good items (ith raw material of jth product at supplier s) is
hSy; [T hs; hS.:
Hsjsi = ﬁj: b Q ]51 Tsj:/ { 9‘]51 Njsi Pjslt}dt 215l (1 - O‘jsi)sti- (4)
The average inventory cost of defective raw materials is
hSjsi R;s i PS;siR;si
DSy = 7o (21 ) = s 72) (). )
The average screening cost is
CSJ‘S,‘ CSJSIPSJSI
R =
TSjsi & 1- 9‘]51 (6)
The average purchasing cost is
PCjsi _ PC; JS,PSJS, )
TS]SI 5= 1-— (ijl
The average set up cost is
Asjsi _ AsjsiPSjsi ) (8)
TSisi (1 — osi)Rysi
The income from selling the good and defective items is
1 — — ljsi
|WSii(1 = 04s)Ris + WSjatsiRis| = WSsiPSysi + WS (12— | PSi 9)
TS)S, 1- Ojsi
Therefore, average profit of supplier (s) from the jth product is
l l
ajs: PC}SIPSjSI < hsjsi : O‘jsi stsisti
APS]S = ZWSJSIPSJSI + Zwsjsl< — )stsl Z 1_ Ui - ; 2 (1 - O‘jsi)sti - ;hsjsi 1_ Ui T_}Sl
I
B Z CSJS,PSJS, B 2]: ASijPSij
1- O‘]sx (1 - ijsi)sti '
Using €;siR;si = €js«Rjsk Vi # k € ; in the above, we have
o PC;;PS; hS; 1
APS;, = ZWSJS,PSJS, + Zws]ﬂ <1 % > P Z PPt _ ey Rmz (1 ) L
i=1 i=1 Jst jsi
b % PSis CsiPSisi Rist n ASiiPSsic
— cuR; hS. i< vjsi > < jsi ) jsit Ojsi sl jsil™Djsi Sjsi ) 10
w1 j51; - 1- o5]51' rsjsiejsi Z 1- OC]SI 6]31 i—1 (] - O(]Sl) ( )

As a whole, the expected average profit of all suppliers for supplying all raw materials is

J
EAPS = Zf:Asts. (11)

j=1s=1
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3.2. Manufacturers’ individual average profit

In this stage, m manufacturers produce each product separately. The manufacturer (m) produces jth product with a pro-

duction rate PM,,;. Let production-run-time is TPM,,; and the inventory cycle length of mth manufacturer for jth product is
TM,;. Therefore,

I
PM Dy o P TSis Zle 2oz Eisi(1 — %si)Rysi
m = PM,; PM,;

Vm7j with ejsisti = EjskstkVi #ke lj_

Using €siRjsi = €jskRjsk Vi # k € [; in the above, we have

S~ p. N o
TPMmj:ZszﬁjisJSIl)iJVl%;ﬂ(] Olsi) (12)

The on hand inventory of jth product at mth manufacturer is

[( ,Bm] mj Zemr]DRr] 0 <t< TPMmj
QM (t) = o (13)
QM (TPMimj) = > “OmiiDRyj(t — TPMyy),  TPMij < t < TMip
r=1
and
R
QM (TPMs ) = [(1 = Buyj)PMinj = > Oy DRyj | TPM V. (14)
r=1

Now QM,,;;(TMy;) = O implies
I
TMyy — (1= Bg) PMuTPMimj (1 = o) PMimj (50 €jsaRisn i3, (1 — 1)
5:1 OmriDRy; f:] OmriDRy; PMy,

I
- p) oSt Ria Do (1 — o)
m
' I::lgmerRrj

The average inventory cost of good items of jth product at mth manufacturer is

hM,,; [ fTPM,, ™y,
i /0 "QM,;(t)dt + IQMmj(t)dt}
mj "

TPM,y;

hM., [ TPMy R
=Ty | /0 (1= Bj)PMpmj — > " OmiDRy

HMy; =

»TMpj
tdt + /
TPM,,

r=1 )

R
{ [(1 = Bnj)PMi — > O DRy

r=1

R
TPMpnj — > O DRy (t — TPM) } dt}
r=1
hM,; [ R TPM2, R
- TM":; [(1= By PMuy = > Orug DRy | S+ [(1 = By PMuy = > Orag DRy | TPM s (TMy — TPM )

2
hMj R SF  OmgDRy
o 2 _ mj _ . o X X 2_ r=1Ymrj Tj

(TMyny — TPM ) } 2TMm_[(1 B PMinj = > Oy DR | TV {{7(1_ /fmj)PMmj}

ZZI::WWJDRU' <1 Zf:10merRtj> Z}: 10mDRyj (1 _ Zr 10m;DRyj >

_ Zle OmiDRy;
2

(1= Bug)PMps \ (1= By} PMim 2 (1= Bin) PMm

_ hM, { a
2{(1 = By) PMpmj}*

=1 r=1

R
— Binj)PMp — ZHWJDR,}}TMWKZHMDRO +220m,1DR,]<(17ﬁm) PMpj — ZH,,,UDR,J>
r=1

r=1 r=1

R R 2
= 0m;DRy; ((1 — Bunj)PMimj — ZemerR,j> }
_ hMijf:l Ormri DRy

2{(1 = Bj) PMimj}*
A
B hMmj(l = Bi) s €t R b1 (1= 04s1) [
- [}
2{(1 = B) Zf 12 1€jsiPSjsi}2

( S ZemUDRrJ) } (16)

r=1 r=1 r=1

R R R 2
(1= Br) PMpj — Zom,jDR,j} TM, {Zomﬁmrj +2(1 = Binj) PMps — ((1 = Binj)PMpmj — Zom,jDR,j> }

R s
*ZomerRﬂ"i’z ﬂmj Zzejsipsjsi

r=1 s=1i=1

s b R
[;m) Zzejsipsjsi - EomerRrj:|

s=1i=1 r=1

s=1i=1
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The inventory cost of defective products of jth item at mth manufacturer is

hMm' TPMnj PMm
HDM,,; = TMmj_ K / BiniPMinj (TPM iy — t)dt> + ﬁijMijPMmj< rm,-jﬂ
hM TPM?, PM...
- TMm{ |:/gijMmj o /gijMijPMmj< SM’Z)}
M TPM TPMy, Phmj
=i [P (T5) # e 7)
i I
_ Muif> 7 OmsDRyy KZ?1 SR> 27, (1 - ais”) 4 (Zfl Doit Ejsfpsjsfﬂ (17)
(1= Fm) 2570 3 €5iPS rSMinj
The average set up cost for products of jth item at mth manufacturer is
AMyj AM> "% Omy DRy (18)
T I :
M (1= B S5 € Rt L (1 — i)
The production cost per unit item of jth product at mth manufacturer is
. . . Ly
CpM,,; = cost of raw materials per unit + My + m + Vi PMim TPM (19)

where 6M,,; is packaging cost per unit of jth product at mth manufacturer, L,; is labor/energy cost per unit of jth product at
mth manufacturer which is equally distributed over the production lot size (PM,;TPMy;) and 7,, is tool/die costs which is
proportional to the production lot size (PM,,TPMy,). Therefore, the average production cost of jth product at mth manufac-
turer is

S o RN »
C]I?IAW/Imj PMy TPMj = Zr119mqDR s f]fllelzi:1MCSISl(1 o‘lﬂ)ejSI My +— Ly -
(1= Bu) D1 SRt 250 (1 — o) Dot SR 220 (1 — o)
S e Ry S (1 — o) L
+y ZemleZ o) > _ ZI::]HWJDRU' D o1 €isiRisi Yo WSisi(1 — aijsi) Ssi g M
mj I
(1= Bmj) Yo € Rm 0L (1 — o)
+Vmi Y EpstRisii Yy (1 —otsi) (20)

Zs lEJSIstllzl 1( )Sl) " s=1 i=1

The average screening cost of jth product at mth manufacturer is

SMj M3 11 O DRy
PM i TPMp; = —2 =100 21
TMm] (1 - ﬁmj) ( )
The income from selling of good and defective items of jth product from R retailers by mth manufacturer is
1 ~ PM ,; TPM i ~
T (1= o) WM Py TP My - WM Py TP My | = == (1 i) Wy WM
R R 1
—10miiDR;; ~ BiniWMi
S0 (1 o W+ W] =3 DR W+ 50 =
mj r=1 mj

The average profit from jth product by mth manufacturer is

BugWMuy] S8 0,gDRy (a1 St S WSja(1 — o) -
a 7/}"'1')} 0= hw) ( S5 € Rl (1= 04si)
Linj

lj
s
+VmiY . SisiRial )y (1 *“jsi))
Zs 16151RJ51121 1 1* %sx) m]Zg,] ;

. DR hM.i(1— 8.5 cRai SV (1 — s |
f’”"“(lzzlﬂ(’”?;DRL 0~ P s S a2 )| {uﬁw S ePSi— S OngDRs
m 2{(1 — Bog) S0 L €Sy |

WMmj -+

R
APMpj = > OmiDRy + M

r=1

s=1i=1

s b s b R 2
[ S OmDRy +2(1 By ZZ €5siPSpsi — ( (1= Bu)D Y Eisi— ZﬁmerRrJ) }
r=1

s=1i=1 s=1 i=1

MB35 O DRy
(1 - ﬂmj)

(Zs:lejﬂRfSlljZi]:l(l - %‘m‘)) . (Zs:lzleefsipsfsiﬂ B AMy 5% OmDRy 23)
2578 30 €S rSMnj (1= )51 €t R L (1 — i)



146 S.S. Sana et al./ Applied Mathematics and Computation 229 (2014) 139-150

Therefore, the expected average profit of J products by M manufacturers is

M ]
EAPM = "> "APMy, (24)

m=1j=1
3.3. Retailers’ individual average profit

The rth retailer receives jth product from manufacturers at a rate DR,; up to time TRc,;. The inventory at rth retailer piles
up to time TRc,; after adjusting the demand rate DC,; of the customers of jth product. The inventory level reaches zero at time
TR;. Let QR;(t) is on hand inventory of jth product of rth retailer, then

DR;; — DCy;)t, 0 < t < TRG;
(DR;j — DC;)TRC;; — DCyj(t — TRCy3), TRC; <t < TRy
Now, QR;;(0) = 0 implies TR; = DRy TRCy (26)
DC,;
Also, we have
DR,TRC; =M (1 - Bimj)OmijPMij TPM; that provides us
I
TRC,: — Zm 1( - ﬁmj)emrjzgﬂ Ejisjsll}'X:ijﬂ(‘1 - Osti) (27)
i DRy
Using the above in Eq. (26), we have
I
1o — Zme1 (1= B0y 3501 iRt b5 (1 — o)
Y DC;;
The average holding cost of jth product at rth retailer is
hR,; [ [TRC TRy
HR,; = TRrj UO (DRy; — DCyj)tdt + - {(DR;; — DC5)TRC;; — DC(t — TRer)}dt:|
U
hR, DC;, DC,
- TRT; {(DRU DCU) + (DRyj — DCj)TRC,j(TR;j — TRC ;) — T’(TR,j - TRCU»)Z]
hR4TR [ e DGy DC; 2
= (DR;; — DCy) (DR;j — DC;) —3 (DR; — DCyj) — — (DR; — DCyj)
TR i DR;; 2DR;;
hR,;TR,;
= M (DR;j — DC;)DC4[DCyj + 2(DRy; — DC) — (DR — DCyy)]
2DRU
hR,; M S :
=5DR. = DCy)D (1 = Bu)Omijy_EjsiRisliy (1 — o) (28)
”] m=1 s=1 i=1
The average set up cost of rth retailer for jth product is
LI ARDCy 29)
T Y omet (1= Bug) O 2og_1 Ejsa Risa 3774 (1 — 04isi)
The average purchasing cost is WM,,;DC; (30)
The average income of rth retailer from selling of jth product is WR,;DC,; (31)
The average profit of rth retailer for jth product is
hR,; M S b
APR; = WR,;DC,; — ZWMmJOm,,DCU 2DR =DCi)> (1= Bu)Omj 1Rt iy (1 = 04i)
m=1 m=1 s=1 i=1
AR;DC,; (32)

_ '
St (1= )OSy € Rist 537 (1 = i)

Now, the expected average profit of R retailers from J products is

R . J
EAPR = "> "APR,; (33)

r=1 j=1



S.S. Sana et al./Applied Mathematics and Computation 229 (2014) 139-150 147
3.4. Stakelberg approach

In Stakelberg approach, a member of the chain is a decision maker who is the controller of the chain and other members
are the followers of him. Upstream or downstream members of him follow the optimal strategies taken by him. If manufac-
turers are the decision makers of the chain, then the suppliers of raw material and retailers are the followers of the manu-
facturers. In this case optimal solution is obtained by maximizing the expected average profit function
EAPM = ZﬂzlzjzlAPMmj. For optimum values of ordering quantity of raw material Rjs, % = 0. If the solution of the sys-
tem of equations (f’ggff” = O) are all positive real numbers and the Hessian matrix at the solution (a%z-f@?ifl) is negative def-
inite (i.e., all eigen values are negative), then this solution is the required optimal solution, otherwise this problem may be
solved by and random search techniques (Genetic Algorithm).

3.5. Collaborating approach

In collaborating system, all members of the chain have an equal role for taking optimal decision. This system is also called
centralized supply chain. In this situation, the expected average profit of the whole system is maximized and the profits of
individual members depend on the common optimal strategies.

Therefore, the expected average profit of the whole chain is

<

M _J R _J
EAPC =) > "> APSii+» > APMpy+» > APR; (34)

J s
Jj=1 i

s=1i=1 m=1j=1 r=1 j=1

Max EAPC (Ry,) Max EAPM (R,,)
for je{1,2,..))and for je{1,2,.J) and
se {128} se{1,2..9)

|

Are

JeArM o 0 exist
"

for Ry €R*?

QObtain optimal
8 sclutions (Ry, ) 5 Cbtain optimal
Obtain optimal sclutions (R *)
solutions (R”) by Obtain optimal
Genetic Algorshm solutions (R ) by
r Genetic Algorithm
A
No .
Are the eigen values No
of the Messian matrix Ace the eigen values of

the Hessian matrix are
negative at the above
solutions ?

are negative at the
above solutions ?

Max“=EAPC(Ry*)

v

» Max*=EAPM(R.*)

No .
os _

Fig. 2. Flowchart of the solution procedure.
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Table 1
Values of parameters of supplier 1 and 2 for product 1 and 2.
Values of Supplier 1 Supplier 2
parameters
Product 1 €111 = 1/8, €112 = 1/4,PS111 = 40, PS112 = 20 units, €121 = 1/8, €122 = 1/2,PS131 = 45 units, PSy5; = 11.25 units,
rS111 = 1000 units, rS112 = 1000 units, Cs111 = $0.1, Cs112 = $0.1,  1S12; = 1200 units, 1Sy, = 1200 units, Cs121 = $0.15, Cs12 = $0.2,
AS111 = $10, AS112 = $10, hS111 = $0.5,hS112 = $0.6, 0411 = 80%,  AS121 = $12, AS122 = $12, hS121 = $0.4, hS125 = $0.3, 0121 = 90%,
o112 = 75%, PCy11 = $1.0, PCy12 = $1.5, WS11; = $5.0, 0122 = 95%, PC121 = $1.2, PC123 = $1.5, WS15; = $5.0,
WSi12 = $6.0, WSy1; = $1.0, WSyp, = $1.5 WSi22 = $7.0, WS151 = $1.2, WSy = $1.5
Product 2 €211 = 1/12€512 = 1/12€213 = 1/6, PS311 = 50 units, €201 = 1/6, €320 = 1/6€223 =1/6,

PS;12 = 50units,PS;13 = 25units, rSp11 = 800unitsunits,

1S212 = 800 units, rSy13 = 800 units, Csp17 = $0.1, Csp12 = $0.2,
Csy13 = $0.2, ASy11 = $13, ASy12 = $130, ASy13 = $13,

hSs11 = $0.2, hSy12 = $0.2, hSy13 = $0.25, otz1; = 85%,

t212 = 80%, 0213 = 75%, PCa11 = $1.5, PCa12 = $1.0,

PCy13 = $1.0, WS211 = $6.0, WS51, = $6.5, WS13 = $5.5,
WSy11 = $1.5, WSy = $2.0, WS13 = $1.0

PSy31 = 45 units,PSy;; = 45 units,PS;;3 = 45 units,

S721 = 900 units, rSy22 = 900 units, 1S53 = 900 units, Csy1 = $0.05,
Csp22 = $0.05, Cspp3 = $0.05, ASy; = $80, ASzzy = $80, AS»23 = $80,
h5221 =$0.3, hSZZZ = $0.35, h5223 =$04, 021 = 90%, 022 = 95%,
023 = 85%, PCa1 = $1.5, PCap = $1.2, PCyp3 = $1.4, WSy = $7.5,
WS52 = $6.0,WS03 = $6.0, WSy = $1.5, WSy = $1.2,

WSy = $1.4

subject to the conditions

s b
ZZEjsi = IV] € {1,273, .. ]} and stjpjsj = Ejskpjsk&ngjsti = stkstkVi #ke lj

s=1i=1

(35)

Using the above conditions in the Eq. (34), we have a maximization function EAPC(R;s;). For optimum values of ordering

quantity of raw material R, "fgic = 0. If the solution of the system of equations (% = 0) are all positive real numbers and

the Hessian matrix at the solution (dngggil) is negative definite (i.e., all eigen values are negative), then this solution is the

required optimal solution. The solution procedure of the whole system is shown in the following flowchart (Fig. 2).

4. Numerical example

The following appropriate values of the parameters for two suppliers, two manufacturers and two retailers having two
products where 1st product requires two raw materials and 2nd product requires three raw materials are considered for
our proposed mode, which are given in Table 1-3I:

Then, the optimal solution of the system by Stakelberg approach is (Rj;; =232.729 units, Rj,; =45.00 units,
R, = 50.00 units, R5,; =536.068 units, Rj;; = 116.365 units, Rj,, = 11.25 units, Rj;, = 50.00 units, Rj;; = 25.00 units,
R55, = 536.068 units, R;,; = 536.068 units, EAPS” = $436.498, EAPM" = $6972.420, EAPR" = $3308.54, EAPC" = $10717.458)
whereas the optimal solution in collaborating system is (R};; = 173.824 units, R},; = 257.457 units, R;;; = 53.2173 units,
R5,; = 552.065 units, Rj;; = 86.912 units, Rj,, = 64.3643 units, R};, = 53.2173 units, R;;; = 26.6087 units, R;,, = 552.065
units, R3,; = 552.065 units,EAPS" = $711.80, EAPM™ = $6926.77, EAPR™ = $3339.78, EAPC" = $10978.35). Therefore, the opti-
mal solution of the system by collaborating approach is better than the approach by Stakelberg. Hence, our required optimal
solution is

(Ri;; = 173.824 units, Rj,; = 257.457 units, R5;; =53.2173 units, Rj,; = 552.065 units, Rj;, = 86.912 units, Rj,, =
64.3643 units, Rj;, =53.2173 units, R3;; = 26.6087 units, R},, =552.065 units, R;,; =552.065 units,EAPS” = $711.80,
EAPM" = $6926.77, EAPR" = $3339.78, EAPC" = $10978.35).

5. Conclusion

In the emerging business paradigm, the concepts of time, volume and capacity become even more crucial to the mana-
gerial decision-making. Customers are more sensitive to delivery times and service quality, information collection and com-
parison of products as far as both prices and quality concern. The joint economic order quantity model plays a crucial role in
supply chain management. The collaboration among the members of the chain helps to the members of the chain to make a
cost-effective production and distribution as well as better response to the customers’ demand. The authors extend a three
layer supply chain model consisting of multi-suppliers, multi-manufacturers and multi-retailers as the channel members, in
which unit production cost is considered as a function of production rate. The collaborating system and Stakelberg approach
of the channel have been compared. The comparison shows that the collaborating system is better than the Stakelberg ap-
proach which relates between theory and practice of supply chain management.

In sum, the proposed model provides a normative guidelines on supply chain issue that has been unexplored in the math-
ematical modeling in supply chain as well as inventory literature. The authors derive the optimal ordering size and produc-
tion lotsize of multiple items for the chain consisting of multiple suppliers, manufacturers and retailers so that the expected
average profit of the chain is maximized. Moreover, the defective items are buyback to the respective upstream members to
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Values of parameters of Manufacturer 1 and 2 for product 1 and 2.
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Values
ofparameters

Product 1

Product 2

Manufacturer 1

Manufacturer 2

B11 = 90%, AM1; = $15, hMy; = $0.02, M;; = $0.01,
LMy, = $150, yMy; = $0.002, WMy; = $50, WM, = $30,
sMy; = $0.05,rMy; = 100 units

Ba1 = 95%, AM>y = $18, hM3; = $0.04, 6M,; = $0.05,
LMy, = $250, yM>; = $0.001, WMs; = $50, WM,; = $30,
sMy; = $0.07, rM3; = 125 units

B2 = 85% , AM13 = $20, hM;5 = $0.03,
My, = $0.015, LMy = $200, yM;, = $0.001, WM, = $70,
WM, = $35, sMy; = $0.04,M1, = 120 units

Bap = 80%, AMy; = $19, hMy; = $0.02, Mz, = $0.02,

sMy; = $0.05,7M;; = 100 units., WM, = $35,5M, = $0.06,
rMy; = 150 units

Table 3
Values of parameters of retailer 1 and 2 for product 1 and 2.
Values of Product 1 Product 2
parameters
Retailer 1 0111 = 1/2, 0211 = 1/2, DRy; = 30 units, ARy; = $20, 0112 = 1/2, 0212 = 1/2, DRy = 20 units, ARy = $25,
hR;1 = $0.05, WR;; = $100, DCq; = 30 units hR;, = $0.04, WR;, = $120, DCq; = 15 units
Retailer 2 0121 = 1/2, 0221 = 1/2, DRy; = 15 units, ARy; = $18, 0122 = 1/2, 0222 = 1/2, DRy, = 40 units, ARy, = $19,

hRy; = $0.06, WRy; = $100, DCy¢ = 10 units

thz = $0.05, WRZZ = $130, DCZZ = 30 units

strengthen coordination among the members of the chain. The authors hope this model helps a company/firm to determine
optimal strategies in order to achieve maximum profits of the members of the chain. As far as the authors’ knowledge goes,
no such type of model has yet been discussed in supply chain literature. As a whole, the proposed model provides insights on
the effect of various aspects (i.e., supplier delivery sizes, manufacturing quantities, retailers’ ordering sizes) to achieve the
maximum expected profit of the chain.

Extensions to this proposed work could focus on many aspects. First, our assumption of constant rates of deliveries of raw
materials restricts the applicability of the model in fluctuating (uncertain) nature of the market. This restriction may be re-
laxed in future extension of the model. In second extension, random production rate may be allowed due to machine break-
down or out of control state of the production system. A third extension of this research could be to examine the optimal
strategies considering the effect of trade-credit financing offered by the upstream to the downstream members.
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